Example #1

Consider the frame shown in the figure below.
e———————— 10 ft —————»

10,000 1b r'a

] ® 3/ |

‘\ 5000 Ib-in.

4
| <= : *”‘mL\( .

The frame is fixed at nodes 1 and 4 and subjected to a positive horizontal force
of 10,000 Ib applied at node 2 and to a positive moment of 5,000 Ib-in. applied at
node 3. Let £= 30 x 10° psi and A = 10 in.2for all elements, and let / = 200 in.*

for elements 1 and 3, and /= 100 in." for element 2.
Element 1: The angle between xand % is 90°

C=0 5=1
where
1_22; = 1.2':20,93' =0.167 in® E = —B{EDDJ =10.0in*
L (120) L 120
E _ 30 % 10°

= 250,000 Ib/in*

L 120

Therefore, for element 1:
d d @ d d ¢

1x 1y 1 2x 2y 2
[ 0.167 0 -0 0167 0 —10]
0 10 0 0 -10 0

| 10 0 800 10 0 400
k' = 250,000 ”}/
|-0.167 0 10 0.167 0 10 |/0n

0 -10 O 0 10 0
-10 0 400 10 0 800



Element 2: The angle between x and % is 0°

C=1 S=0
E = 1_2{1 D\m =0.0835in* E = BI1EK =5.0in*
12 (120 L 120
Therefore, for elemeant 2:
d d é d d é
2x 2y 2 ki Ay 3

10 0 0 -10 0 0
0 00835 5 0 [o00835] s
. L0 5 400 O _5 200
k¥ = 250,000 b,
10 o 0 10 0 0 i

0.0B35 ) -5 0 0.0835 -5

0
| o 5 200 0 -5 400

Element 3: The angle between xand ¥ is 270°

C=0 G
121 _12200) _, 187 in? 8 _8200) 0.0
¥ (120) L 120

E _30:0° _ 550,000 ib/in®

L 120

Therefore, for elemeant 3:
d d ¢ d d @

3x Ay 3 4 4y 4
(0167 O 10 -0.167 0 10|
0 10 0 0 10 ¢ |

| 10 0 800 -10 0 400
k"' = 250,000 Fy
-0.167 O -10 0.167 0 -10|/in

0 -10 O 0 10 0
L 10 0 400 -10 0 800)]

The boundary conditions for this problem are:

d,=d, =¢=d,=d, =¢=0
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After applying the boundary conditions the global beam eguations reduce to:

10,000) [10.167 0O 10 -10 0 0 7[d,,
0 0 100835 5 0 -0083 5 ||d,
8 ] e ol WD 5 1200 O -5 200 ||4, |
0 | —10 0 0 10167 O 10 ||d,,
0 | 0 -0083 -5 0 100835 -5 ||d,
| 5,000 | |0 5 200 10 -5 1200]| ¢, |

Solving the above equations gives:

[, 0.211in]
d,, 0.00148in
) i L=(—D_DD153 rad.
.. 0.209in
ds, -0.00148in
| ¢ | [-0.00148 rad

Element 1: The element force-displacement equations can be obtained using
f =kTd. Therefore, Td is:

& %0 0 0.6 d,=0 0

-100 0 00 d, =0 0

= _|0 01000 ¢ =0 i} 0

“|o oo 0 10| d,=0211in | | 0.00148in

/0 00 -1 0 0/]d,=0.00148in —0.211in

|0 00 0 0 1)|¢=-0.00153rad| |-0.00153rad

Recall the elemental stiffness matrix is:

[G 0 ¢ -G 0 0 ]

oA Rs 0 S B

s |iF 8B 4G B =WE o
Joi
l-c, o B G 0 0
O =G, <RG0 2R BRE
| 6Le 2ci B —EE Ao




Therefore, the local force-displacement equations are:

10 0 B -1 0 07 0]
0 0.167 10 0 -04187 10 0
o e 0 10 800 O -10 400 0
f =kTd=25=10%| ‘ g
|-10 0 0 10 o [i0]]| o0.00148in
0 -0167 -10 O 0167 -10| -0.211in
| O 10 400 0 =10 8OO ||-0.00153 rad
Simplifying the above equations gives: 00 Ik
[ ﬁx ‘ e 3,700 b T f‘};; 4540 Ib
f 4980 b T II
| | 376 k-in Ol &
£ | | 3700 '
f | |-4990 maowa iy |
2¥ _ i i 4
[ 223k-in) A
] I I
Element 2: The element force-displacement equations are:
1000 0 0] d,=0211in ~0.211in)
0 1 086 § D d, =0.00148 in 0.00148 in
— |00 10 0 0]|4=-000153rad| _|-0.00153 rad
_:D 0010 0| d,=0209in [ 0.209 in
10 & 00 1 0] I:I'3I =-0.00148 in —0.00148 in
0 0 00 0 1)|¢,=-000149rad| |-0.00149 rad
Therefore, the local force-displacement eguations are:
[ 10 0 0o -10 0 0] 0.211in]
0 0.0833 5 0 -0.0833 5 0.00148 in
- Py | 0 5 400 0 -5 200 | |-0.00153 rad
f5 = kTd = 2.5%10° < bt
[-10 0 0 10 0 0 0.2097n
| 0 -0.0833 -5 0 0.0833 -5 | —-0.00148in
| o 5 200 O -5 400 |-0.00149 rad
Simplifying the above equations gives:
(£ ] [ 5.0101b]
f"z;' -3.700 ]f.b _ 221,004 hein.
My —223k-in | s0101b 7S i [f_-—i 5010 1b
f":u= -2010/p 2| *223,000 tb-in. e
£ 3700 Ib |
R —2921k -in 3700 1b 3700 Ib
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Element 3: The element force-displacement equations are:

0 -1 00 0 0] d,=0209in ] [ 0.00148 in

1 0 00 0 0|d,=-0.001481n 0.209 in
fd=iu 0 10 0 0¢=-0.00149rad| _|-0.00149rad|

Tl Ol 1 N T | d, =0 0

00 01 0 0 d, =0 0

b 0 66 o 1) ¢, =0 3 0

Therefore, the local force-displacement eguations are:

[10 0 o -10 0 0 [ 0.00148 in
0 0.167 10 0 -0.187 10 | 0.209 in
Fi3 o ETd =2 5% 10¢ | 0 10 goo 0 -10 4DD;(—D.DD149 rad_
|—1[] 0 0 10 0 10 0
o0 -0167 -10 O 04167 -10 0
| O 10 400 0 -10 800 || 0
3700 Ib
Simplifying the above equations gives: /_hﬂﬁmﬂ Thacs.
f.| [ 3700ib] o l"’)-r T
f;,- 501016 #
':'"73 _ 226 k-in : L2401 im.
f | |-37000
fjr‘ _3?_’2 1;] {b sHele _)
Wl L “in) \F 375,004 Th-in.

3700 Ik




Example # 2

Consider the frame shownin the figure balow.

1000 10/t
1 [ Yy ¥ ¥ i fj
0 ]2
3
@ 40 it
|
|
|
45° |
1 ol
B ) 5
] 300 !

The frame is fixed at nodes 1 and 3 and subjected to a positive distributed load of
1,000 Ib/ft applied along element 2. Let £ = 30 x 10° psi and A = 100 in.% for all

elements, and let /= 1,000 in.” for all elements.

First we need to replace the distributed load with a set of equivalent nodal
forces and moments acting at nodes 2 and 3. For a beam with both end fixed,
subjected to a uniform distributed load, w, the nodal forces and moments are:

il e ML KRR

3, =-20k
*. 2 2

2y

2 i 2
—%= - 400 n’ﬁ;‘;?][-’-'r[]ﬂ] =-133,333 fb-f=1600 k -in

=-m, =

If we consider only the parts of the stifiness matrix associated with the three
degreas of freedom at node 2, we get:

Element 1: The angle between xand % is 457

C=0.707 §=0.707
where
Sa W et M e 12“‘“'3':'3'12 =0.0463 in®
£ 8 E (12x3042)
5 _ 80000) _ 14 78551’
L 12x3042

Therefore, for element 1:
dp, Oy o
[60.02 49.98 8.33]
k'" =58.93/48.98 50.02 -8.33 %—;
| 833 -8.33 4000 |



Simplifying the above equation:
dz.r dZ;-' ¢2
[2848 29045 491
= | i |k
kK'=|2045 2,048 -491 Aj

| 481 491 235700

Element 2: The angle between xand xis 0°

C=1 S5=0
whera
§=3Dx10'=52_5 Kl in® E= 12{1,DDDE=
L 480 L (12x40)
6/ _6(1000) 3
T oaag - aan
Therefore, for element 2:
de d?_',' %
100 0 0

k¥ =6250 0 0052 125 K/
| 0 125 4,000]

Simplifying the above eguation:

dz.r dzy {&2
6,250 O g, T
k%= 0 325 781.25 %

| 0 781.25 250,000

The global beam equations reduce to:

{ -20k }=|2845 2951 290 |{d

[0 ] [9198 2945 491 ‘,[.:r ]
| | |

. d|
—1,BDDk-r'nJ | 491 290 485,?[][]_|l¢b |

Solving the above equations gives:

0., t [ 0.0033in
{d,, t=1{ -0.0097 in !
[;:-2 | |-0.0033 rad

0.0521in*



Element 1: The element force-displacement equations can be obtained using
f =kTd.Therefore, Td is:

[ 0.707

|
(=)

0.707 O

[-0.707 0.707 O
0 0 1

0 0 0

0 0 0

0 0 0

0 0 0
0 0 0
0 0o of
0.707 0707 0O
-0.707 0.707 0|
0 0 1

0

0

0
0.0033 in
—0.0097 in

1|-0.0033 rad

0
0
0

1-0.00452 in |
—0.0092 in
-0.0033 rad

Recall the elemental stiffness matrix is a function of values C,, Cs.and L

AE (100)30x10°
o P e o= O b et ol
12x 302

L

=58083 ¥

_El_30x10°(1000)

Therefore, the local force-displacement equations are:

ﬁ‘-:=

kTd

[ 5893
0
10

| -5893
L0
| o

0
2.730
594.8

0

—2.730

684.8

C.=% 2230037 =0.2273%,
10 -5893 0 0 0
6948 0  -2.730 694.8 | 0
117,900 0  -694.8 117,000 0
0 50983 O 0 |]-0.00452n|
-6948 0 2730 -694.8 || -0.0092in
117,000 0  -6948 235,800 |-0.0033 rad

Simplifying the above equations gives:

3 py M3 \‘M"‘h:

.

&

_‘3’ '-'\.-:-h, \.‘:"H:I

26.64 k |
-2268 k
-389.1k -in

_26.64 k|

2.268 k

—778.2 k -in|

26.64 kip



Element 2: The element force-displacement equations are:

=
=)

[ T v R Y s s

|
L

4

(== R = = B =]
[ SRR == R s [ s R s
= o o o oo

(== == i = R =
(s S s R v P N s N s

[ 00033 in |

—0.0097 in
—0.0033 rad
o
o
o

- =

[ 0.0033in |
—0.0097 in

4

0.0033 rad
D F
o
0

Recall the elemental stiffnress matrix is a function of values C., Cz;,and L

_AE _ (1003010

C. = 6,250 % C . : —— =0.2713 %
. L 12 = 40 % =y (12 = 40)° o
Therefore, the local force-displacemeant equations are:
!_ 6.250 0 0 -6,250 0 0 | ,r —0.0033 in .i
0 3.25 781.1 0 -3.25 7811 || 0.0097in |
I 0 781.1 250,000 0 -781.1 125,000 E—D_DDSB rad
. -6250 0 0 6,250 0 0 ' o] 1
([ @ -3.256 -T81.1 0 3.25 7811 0
L 781.1 125,000 0 -781.1 EED,DDJ | ]
Simplifying the above equations gives:
20.63 k|
-258k 1.00 kit _
2013 k-in,
iy |~ 83257 k-in| 20.63 kip_/ R {/’,:“‘\ 20,63 ki
-20.63 k 767.4 k-in% 12 @ 31
=R 17.42 ki ot 22.58 ki
- 412.50 k- in) iy N
To obtain the actual element local forces, we must subtract the equivalent nodal
forces.
o 20.63 k 0 20.63 k
i';y 2588 k =20k 17.42 k
m, il —-832.57 k -in —1600 k& -in i} T67.4 k-in
f,| | 2083k 0 | 2063k
;,E3 258 k =20 k 22.58 k
rﬁz 41250 k-in| | 1600k-in| |-2,013k-in

_ El _ 30 x10%(1000)




Example # 3

The frame shown on the right is fixed at nodes 2 and
3 and subjected to a concentrated load of 500 kM
applied at node 1. For the bar, A= 1 x 10 m? for the
beam, A=2x10°m? I=5x10° m*, and L=3 m.

Let E =210 GPa for both elements.

Beam Element 1: The angle between xand % is 0°

C=1 S5=0
where
E=M=ﬁ_5?xmé m* E=M=m-‘ e
L 3y L 3
.3
%:@:?nxm* KN |

Therefore, for element 1:

Oy Oy #

2 e W

_— | kN
k" =70x10°(0 0.067 0.10] Aj
lo 0.10 0.20]

Bar Element 2: The angle between x and % is 45°

C=0.707 S=0.707
where
dy,  dyy
oo 107 m*(210x10°%kN/m? J0.5 051,
424 m los 05] /m
d, o,
X ¥
[0.354 0.354
k' = 70x10°| kN
10.354 0.354 | Vim

Assemnbling the elemental stifiness matrices we abtain the global stiffness matrix
[2.354 0.354 0
= 3 )
K=T0x10 .D'354 0.421 D.1EI: /r/n
| O 0.10 0.20]

10



The glabal equations are:

[ 0 | [2.354 0.354 0 7[d,]
4= b= RN | L

500 kN =70x10° KN/ 0,354 0421 0.10 {d, |
| o | | 0 o010 020]l4 |

Selving the above equations gives:
[d,] [ 0.00388 m|
id, r=:-0.0225m;
3 '~IZI.IZI113 ralz\{I

Bar Element: The bar element force-displacement equatiens can be ebtained
using f =KTd .

[d,.]

AE[1 -1]c s o0 0])d,]|

=1 1]0 0 Cc 5l|d.

Idbl

[

|
e | L

L

P ] R T

670 kN

Therefore, the forces in the bar element are:

f, = ﬁ_—E[Cd.x +8d, | =-670 kN

f

=

- —% ca., + Sd.,)=670 kN

670 kN

Beam Element: The beam element force-displacement equations can be
obtained using F = kd' . Since the local axis coincides with the global coordinate

system, and the displacements at node 2 are zero. Therefore, the local force-
displacemeant equations are:

e 0 S 0
LA 98¢ BML B =120 RG c = AE
E=: 0 6iC, 4CI* 0 -6C, 2Ci° L
|-¢c, @ 0 G, 0 0 Ei
8 =420 =8iey 0 26 ~6bE Lo
L0 e 2eat D ZEg,. Ioat |
[2 0 0 -2 B 0 7] 0.00388 m
|0 0.067 010 0 -0.067 010 || -0.0225m
| g /0 010 020 0 -010 0.0 ||00113kN.m
f.=k =?|'_'|><'1|:|:_2 0 0 2 0 a I 0 ]
| 0 -0067 -0.10 0 0.067 -0.10 0
0 o010 b0 6 -0a0 020 || 0

11



Substituting numerical values inte the above equations gives:

P—— . VA
If; 473 kN i
1z & TEIEKN 'm
| f;’ | - 2\‘?;2 kM F___.\\ﬂ.ﬂ kN - m @ o
V(7] -tmsin | RN g Im k;‘z
i 26.5 kN 1
|y |-78.3 KN -m) e 26.5 kN
670 kM
¥
. 783 KN - m
G0N m (D)
—— > § 473 kN
147 S =12
670 kN ¥

26.5 kN 6.5 kN



INCLINED OR SKEWED SUPPORTS

If a suppeortis inclined, or skewed, at some angle o for the global x axis, as
shown below, the boundary conditions on the displacements are natin the global
x-y directions but in the x'-y' directions.

'Sl x
Sk

1
TIIIIIT] = X

We must transform the local boundary condition of d's, = 0 (in local coordinates)
into the global x-y systermn. Therefore, the relationship between of the
companents of the displacement in the local and the global coordinate systems
at node 3 is:

[d'.,] [cosa sna 0]/d.,]
id'y, r=|-sine cosa 0fd, ;
¢ L 0 0 1le)

We can rewrite the above expression as:

[cosz sing O
o} =t,Ha, } [t.]=|-sing cosa O
| o 0 1

We can apply this sort of transfarmation to the entire displacement vectar as:

ft=Hat o  {ol=[TT{d}

where the matrix [T] is:

(o1 o1 [0]
=101 [ [0
@ [ ]

Bath the identity matrix [/] and the matrix [t are 3 x 3 matrices.
The force vector can be transformed by using the same transformation.

{r}=[Tif}

In global coordinates, the force-displacement equations are:

fi=[Klld!

13



Applying the skewed support transfarmation to bath sides afthe force-
displacement aguation gives:

[T1if} =[TIIKid}
By using the relationship between the local and the global displacements, the
force-displacement equations become:

[THF =[TIKIT T @t = {Fi=[TIKITT )

[F, | [d, ]
F. d.,
. 2
| Fa | Idh |
Therefore the global equations become:  { F, > =[T]KI[T] d,,
M} @2
-FIJ.I: dl.h
i s,
| M, | ld |

14



FEM GRID EXAMPLES
EXAMPLE #1

Consider the frarme shown in the figure below.

v

2000
7 3 §
101t 3 @ ®
10 fi I
®
2
100 kip

The frame is fixed at nodes 2, 3, and 4, and is subjected to a load of 100 kips
applied at node 1. Assume [ =400 in J=110In° G=12% 10 : ksi, and E= 30
x 10 ? ke for all elements.

Tao facilitate a timely solutien, the boundary conditions at nodes 2, 3, and 4 are
applied to the local stiffness matrices at the beginning of the selution.

dz.- =g, =@, =0
di_.l =‘I.j3.l: ="?:I.'I: = I:I
d:,- =0 == 0

Beam Element 1:

X=% _0-20 oo SusingeZi= 20-10

C=cosd=—15" = oo g [ - 22.38

=0.447

where

126/ _ 12(30 x10°)(400)

GE/ _6(30 x107)(400)
E~ (22.36 x12)

=T7.45 K/ — = LN 1000k
in IE (22.36 x12F :

E=w=ﬂg_nnn k- in E=w=4_ggnk.m
L (22.3612) ' L 22a8x12)

The glebal stiffness matrix for element 1, considering enly the parts associated
with nade 1, and the following relationship:

ky= T; '!'Esrs

e, D q R Ol

T,=|0 -0.894 0447 | T, =|0 -0.894 -0447|
|0 -0447 -0.894| |0 0447 -0.894|
L+ P (=] -1

¥ 3

[745 0 1000 ]
k"=| 0 4920 0 |k
1000 0 179,000

15



Therefare, the global stiffness matrix is

ay Pix fy
[745 -447 -BO4 ]
Ly e 1k #
k"' =|-447 39700 69,600 ,4?

|-894 69600 144,000 |

Beam Element 2:

Cocoed=X 7% 0-20 _ npoy R Tl Rt ST T
7~ 22.3 [ " 22.3%

where

1261 _ 12(30 x10°)400) _, ¥ BEI _ 6(30 x10°)(400)

F  (22.38x12) LRy o e

AEL_4(30 x10%)(400) _ 4o n0npin 8 _U2X108)(10) _ ooy i
L (22.36 x12) T T (22.36x12)

The global stiffness matrix for element 2, considering only the parts associated
with node 1, and the fallawing relatienship:

Ky= T:?T Es-'rs

M o 0 J745 0 1000 1 © 0 1
k"=/0 -0894 0447 | 0 4820 0 |0 -0.894 -0.447|
|0 -0447 -0.8941000 O 179000||0 0.447 -0.894|

Therefore, the global stiffness matrix is

d'ly #
[ 7.45 447 —8o4
21 _ | i | K
ke 447 39,700 69,600 4?

|-894 -69,600 144,000 |

¥ Pz

Beam Element 3:

C=MEH-M-M_D S=5|m9_z;_az _0—10__1

[ 10 ¥ 10

where

1EEJ=12[3EIK1D*}[4UU}=EBBk”n 6ES B{Bﬂxﬂ] 400} 5000 k
L (10x12) ' T T :

P 3
4EI_4EOXI0NA00) 00000k O A2XIONI0) oo
L (10x12) L (10x12)

The global stiffness matrix for element 3, considering only the parts associated
with node 1, and the following relationship:

L =TST Ezrs



1 0 DTEIB.B 0 5000 T1 0 07
K*' =0 0O 1] ¢© 11,000 0 0 0 -1|

lo -1 ol5000 0 400p00j0 1 0|
Therefare, the global stiffness matrix is

a1 Pix Pz
[83.3 5000 o ]

k, =|5000 400000 O |

i

| @ 0 11000

Superimposing the three elemental stiffness malrices gives:

d -]

1y i L4 F]
|_ ag8.2 5,000 —‘L?QD]
K =| 5000 479,000 0 [

|-1790 0  299,000|

The glebal equations are:

[F,=-100k| [ 982 5000 -179071[d,]
{ M,=0 }=|5000 479000 0 |4}
| M,=0 | |-1790 0  299,000|¢, |

Salving the above equations gives:

1

d.,] -2.83in|
14, =1 00295 rad ;
ld,] |-00168 rad!



Element 1: The grid element force-displacement equations can be abtained

using f = k,T,d .

[1 0 0 0 0 0 -283in -2.83in
(0 =0.884 0447 0O 0 0 0.0295 rad =0.0339 rad
ol 0 -0.447 -0.894 0 0 0 4—0.0169 rad.: 1 0.00192 rad |
z 0 0 0 1 0 0 0 0
lo o 0 0 -0.894 0447 | 0 0
L0 0 0 0 -0.447 -0894 | 0 0
Therefare, the local force-displacement equations are:
[ 7.45 0 1000 -7.45 ] 1000 |[ -283in
0 4,920 0 ] —-4.920 0 —0.0339 rad
F —iTd : 1000 0 179,000 -1000 0 849,500 1.IZI.IZII:|‘1EL'2 rad {
|=7.45 0 -1,000 7.45 ] —1000 ]
| i —-4820 0 ] 4920 0 ]
| 1000 0 89,500 -1000 0 178,000 || 1]

Selving for the forces and moments gives:

A

-19.2k |
=167 k -int

_|=2,480 k in|

19.2 k
167 k -in
|—2,260 k -in|

167 k-in.

2480 k-in.
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Element 2: The grid element force-displacement equations can be abtained
using f =k7.d .

[ 0 i 0 0 i -283in | [ -283in
0 -0884 -0447 0O 0 i 0.0285 rad -0.0188 rad
id:’n 0447 -0.884 0 i i .{—D.U‘IBQ rad.;m, 0.0283 rad |
i ] 0 0 1 0 0 I ] | 0 [
] 0 i 0 -0.894 -0447| 0 - i
| O i a0 0 0447 -0.894] 0 [ ]
Therefare, the local force-displacement equations are:
[ 7.45 0 1000 -7.45 0 1000 [ -2.83in
0 4820 0 0 -4.820 0 |-0.0188 rad|
£l A 1000 i 179.000 -1.000 0 89,500 :( 0.0283 rad |
|=7.45 0 -1000 7.45 0 =1000 || 0 [
[ =493 0 0 4,920 o | 0
| 1000 0 89,500 -1000 0 179,000 || 0

Solving for the forces and moments gives:

El T Fae

f,, -92.5k-in
|l _|-2.240k-in
i | 23k

fih,, 82.5k-in
Iy, | —295k.in

92.5 k-im,

Element 3: The grid element force-displacement equations can be abtained
using f =k.T.d.

[1 0 0 00 O -283inr | [ -283i |

0 0 -1 0 0 0O 0.0295 rad 0.0169 rad
= 01 0 00 0|-00M69rad| |0.0295rad|
T.0= N = .
g 0 o & 1 ¢ 0 0 0

00 0 00 =1{| 0 I | 0

0o o 01 0] 0 .0

AR 4

19



Therefare, the local force-displacement equations are:

[ 833 0 5000 -83.3 0 5000 | -2.83in |
0 11000 0 0 -11,000 0 | 0.0169 rad
i _pF4_|B000 0 400000 -5000 O 200000 0.0295rad
*T -e33 0 -5000 833 0 —5,000 | 0
| 0 -11000 0 0 11000 o | 0
| 5,000 0 200,000 -5000 0 400000 O
Solving for the forces and moments gives:
st s : BBk
4 -B8.1k 8240 k-in.
| i, 186 k -in |
Im,| |-2340k. in|
L R i
7| 88,1k
., ~186 k- in
|, | [B.240k-in]
B8k
¥
295 kein. 3 92.5 k-in.

723k 2240 k-in.

92.3 k-inm,

2340 k-in.

BRI K
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Te check the equilibrium of node 1 the local forces and moments for each
element need to be transformed to global coordinates. Recall, that:

n

F=TF = F=T7 [ T

Since we are only checking the forces and moments at node 1, we need only the
upper-left-hand portion of the transformation matriz Ts.

Therefore; for Element 1:

I. f‘._r :

{m,}=|0 -0.894 -0.447 | —167 k-in% ={ 1260 k-in}
|m,| |0 0447 -0.894|I-2.480k.in| |2150 k.in|

T o [ =182k [ -19.2k )

Therefare; for Element 2:

(] 1 O 0 [ 728k ) [ 7.23K
{m, =0 -0.894 0447 | -92.5k.in;={ 1080k-in}
\m,| |0 -0.447 -0.894 ||-2240k.in | |-1960k-in|

Therefare; for Element 3:

(%] 1 0 0]( -B8B.1k | | -BB.1k |
{m,b=|0 0 1IJ—E:BJAZIk-frr'a=<'—2:340k-frrfr
im,| |0 -1 0| -186k.in) | -1BBk-in)

The forces and moments that are applied to node 1 by each element are equal in
magnitude and opposite direction. Therefore the sum of the forces and moments
acting an nade 1 are:

S F, =-100-7.23+19.2+88.1=0.07 k

% /(le k-in

7,23 kip

gl

M, =-1260-1080+2340=00k . in

12640 krim.

> M, =-2150+1060+186 =—4.0 k-in

The forces and moments accurately satisfy equilibrium considering the
amount of truncation error inherent in results of the calculations
presented in this example.
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EXAMPLE # 2

Cansider the frame shown in the figure below.

The frame is fixed at nodes 1 and 3, and is subjected to a load of 22 kN applied
at node 2. Assume /= 166 x10° m®, J=46x 10° m*, G = 84 GPa, and E = 210
GPa for all elements.

To facilitate a timely solution, the boundary cenditions at nodes 1and 3 are
applied to the local stiffness matrices at the beginning of the selutien.

Ef.: =d, =¢,=0
da, =g, =@, =0
Beam Element 1: the local x axis coincides with the gloebal x axis

X =X 3 4
C=onsfd=—2 t=—=1 S=singd== =—=0
3 ' 3

where

12E0 _12[21Dx1ﬂe}[16.6x1ﬂ"5}_1 55 < 10 kN /m
L (3 '

8 -2
BEl _ 6(210x10°)(16.6x107) _, 00 40cpns
L (3F

$#4(21Dx10';[15.6x‘1ﬂ -}=4_I55><1I]’k.’".|'-m

GJ _ (B4x10%)(4.6x107)

=0.128x10°kN-m
L 3

The global stiffness matrix for element 1, considering enly the parts associated
with node 2, may be obtained fram the follewing relationship:

Ky = TQT Es-'rs

10 018 0 -232]1 00
" 2107 5 KN
k"=100 1 0f 0 0128 0 |0 1 OkNZ
00 1)-232 0 48650 0 1

Therefore, the global stiffness matrix is

Ay S -]

[ 1.55 0 —2.321
k,=10Y 0 0128 0 ik%

|-232 0 485 |

22



Beam Element 2: the local X axis is located from node 2 to node 3

C=cosf=

=X,

The glabal stiffness matrix for element 2, considering anly the parts associated
with node 2, may be abtained using:

k=T T,

i_1 0 I:I-||r 1.55 0 -232|1 0 01
P Il _alkN
K'=10°010 0 1 (i 0 0.128 0 0 0 1} A‘J

0 -1 0f-232 0 485f0 1 0]

Therefare, the glabal stifness matrix is

oy Gy LT
155 2.32 0
10| KN
ky=102.32 465 0 | i
| o o0 o0.128)

Superimposing the two elemental stifness matrices gives:

r ; ;
Yay fix P2z
=

[ 310 232 -232]

K=10° 232 478 0 |
|-232 0 478 |

Wz

The glabal equations are:

[F, =-22 kN| [310 232 -2.32](d,,|
! M,=0 }=10232 478 0 Hg,}
| W=t | |-232 0 478 ||4,]

Solving the above equations gives:
[d,] [-0.00259m |

{a, r=+ 0.00126 rad ;
|4.. | [—n.ﬂmzﬁ ran'JI

Element 1: The grid element force-displacement equations can be abtained
using f =K T.d .

199 0:@0 0 i q 0
010000 0 0
_h;nn 1 nnn{j 0 l_} 0 |
““lo oo 10 0/ -000258m| |-0.00259 m
lo 0 0 01 0| 0.00126rad 0.00128 rad

o0 0 0 00 1)/-0.00126 rad| |-0.00126 rad|
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Therefare, the local force-displacement equations are:

[ 1.55

[ @

0
0.128
0
0
-0.128
0

Salving for the forces and moments gives:

fy| [ 11.0kN

m,| | -1.50 kN.m|
|| | 31.0kN-m
- =1
L[ ]-11.0kN

2y |

h, 1.50 kN -m |

1.50 kN -m)|

232 -1.55 0 2327 0
0 0 -0.128 0 0
465 -232 0 233 0 |
-2.32 1.55 0 —-2.32 | —-0.00259 m f
0 0 0.128 0 0.00126 rad
233 -2232 0 465 ||-0.00126 rad |
¥ 1L50KN - m
20 ]1 . 2 /h
£ @ =
150 kN - m

} 3.0 mm
i

11 kN

Il kN

Element 2: The grid element force-displacement equations can be abtained

using f =k_T.d.

[10 0 00 0][-000259m) [-0.00259 m|
00 -100 Eli 0.00126rad | 0.00126 rad
=401 0 00 0)-0.00126rad|_ 000126 rad|
YUloom B 19 B 0 0 '
3o 0 0 B 0 0
e o # 0l 0 0
Therefare, the local force-displacement equations are:
[ 1.55 0 242 -155 0O
0 0.128 0 0 <0128 0
2 Lo | 232 0 465 -232 0
g =kTd=10] 0 -—237 138 8 -2l
0 -0128 O 0 o012 o |
| 2.32 0 2483 =287 0 485 ||

Selving for the forces and moments gives:

£l [-11.0kN
i, | 1.50 kN - m
|| | =1.50kN.m|
|5, [7] now |
| | 150 KN m A
|, ) |=31.0kN-m |

2.32 1(-0.00259 m)
0.00126 rad
2.33 ||0.00126 rad |

0
0
U




The resulting free-body diagrams:

¥
ILSOKN -m |}

3|.0m% TG
.50 kM - m

8 11 kN

HOKN-m
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