Introduction to the Stiffness
(Displacement) Method

Definition of the Stiffness Matrix

J—kd | ﬁ
< —— f\ :
Element stiffness equation in |
local coordinate system | .
I'=Kd z \

Local (x,y,Z) and global (x, y,z) coordinate systems

Global stiffness equation in global
coordinate system
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(Displacement) Method

Derivation of the Stiffness Matrix for a Spring Element
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Degrees of freedom: 1 k

dy and d», m’o_/\/\/\/\/\/
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Linear spring element with positive nodal

k : spring constant or
displacement and force conventions

stiffness of the spring

fix _[kll kli] dy .
foe kot kx| | dax

We now use the general steps to derive the stiffness matrix
for the spring element



Introduction to the Stiffness
(Displacement) Method

Derivation of the Stiffness Matrix for a Spring Element
Step 1 Select the Element Type

'“FI.I. ‘ aflr

Linear spring subjected to tensile forces

Consider the linear spring element subjected to resulting nodal
tensile forces directed along the spring axial direction, so as to
be in equilibrium.
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Derivation of the Stiffness Matrix for a Spring Element

Step 2 Select a Displacement Function

U= dy+ dr X

1(0) = diy = a

Ii{f_‘}— r:?g_\- = arL + r:.}|_1-
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(Displacement) Method

Derivation of the Stiffness Matrix for a Spring Element

Step 3 Define the Strain/Displacement and Stress/Strain
Relationships

l k 2
*Due to the tensile force 7, the C{W\/\/\/\/\/\_@
deformation (total elongation) of l_‘fh- ! L ! ﬂ;j___‘
the spring:

Deformed spring

6= (L) — i(0) = do, — dy,

*Force/deformation relationship: T = ko

T = k(dox — diy)
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Derivation of the Stiffness Matrix for a Spring Element
Step 4 Derive the Element Stiffness Matrix and Equations

*By the sign convention for nodal r o ANV o——

forces and equilibrium,

Jiedi brdy,
L .
T= —fh = k(d>y —d,y) f = k(dyy — dry)
I = fjal — ’!{(dlr - |':']FI .1‘} .flr - k{dz-‘f o l:']rl.*f} Local stiffness
matrix

f{ En _k k ':'}3-1' - _/{ A
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(Displacement) Method

Derivation of the Stiffness Matrix for a Spring Element

Step 5 Assemble the Element Equations to Obtain the Global
Equations and Introduce Boundary Conditions

Global stiffness
matrix

Global force
matrix

F —

N
(R =3

e=|

where k and / are now
element stiffness and force
matrices expressed in a

global reference frame.

Note: The element matrices must be assembled properly according to
the direct stiffness method
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Derivation of the Stiffness Matrix for a Spring Element
Step 6 Solve for the Nodal Displacements

* The displacements are then determined by imposing
boundary conditions, such as support conditions, and solving
a system of equations, F' = Kd , simultaneously.

Step 7 Solve for the Element Forces

* Finally, the element forces are determined by back-

substitution, applied to each element, into equations similar

to, : : ﬁ
J(I_r — f{(fﬁ_T — r.’fj_x-}

fo, = k(dsy — diy)
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Example of a Spring Assemblage

DIRECT EQUILIBRIUM
APPROACH A1 9 3 @ 2
. = V VNV o
TOTAL STIFFNESS MATRIX
Element 1 Element 2

{f'-"} [ ki _k|] ':’i::_:-;:l {fh} { k> —:’{2] ::f_i-::l
facd Lkl [ B A P

Continuity Or (1) (2)
dy = dy” = ds,
Compatibility Requirement ‘ 3x 3x 3x
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Example of a Spring Assemblage

T vV Tm/ o Y \(z;?

Fl.r

Free-body diagrams of Note: nodal forces consistent with
each element and node element force sign convention

Nodal Equilibrium
Equations

. (1) (2)
ff-?'-\' T f{:*':x T ~"(3|.1'a JFB.\' — (_kldl.r T kldlr} T {kfdlr o kfdll'}

A2 -
f'vlr — f’;: » fflr — _kjlfii_l_\- -+ kgﬂrll.

Fio— f-lli_ll_} Fiy = kidyy — kidy
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Example of a Spring Assemblage
o © 5 O

Global Stiffness Equation: h A Fy,
‘Fe) | ko0 =k ] [ din ]
W 5y p = 0 k> —k» S dry ¢ F — Kd
sy | k1 —ky ki +k2| | day | — ——
Fu ke 00—k di.
F = Fr, K = 0 ko —k» ﬂi — da
Fi, —ki —k» ki +k dax
Global Nodal Total or Global or System Global Nodal

Force Matrix Stiffness Matrix Displacement Matrix
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Assembling the Total Stiffness Matrix by Superposition
(Direct Stiffness Method)

| O 5 @ )
X
ko Fu k Fa
dy d3y 3 x dhx
K1) — ky —ky | diy 12— ky —ky | d,
- —k ky dsy - —k 2 k 2 dl‘-.
dyy dy dsy d, d, ds
"_|J b i "_|J b
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Assembling the Total Stiffness Matrix by Superposition
(Direct Stiffness Method)

() 0

Fi ) —_
) 1 L) Fl' > Force Equilibrium at
f?” ;E, - Fh Each Node
1o —17[d o o o7[d Fix
kif 00 0fcdld+k|0 1 —1]<a23=2F,
-1 0 1 h d." J 0 -1 1 h 2 | Fy
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(Displacement) Method

Assembling the Total Stiffness Matrix by Superposition
(Direct Stiffness Method)

Direct, or Short-cut, Form of the Direct Stiffness Method

ﬁlr]_ N ff}_\"

dyy  dhy
) — [ ky —f{l} di 2 — [ ks —I{Ej| ds,
B —k1 ki | dsx - —ky ko | dhy
L f1 x L fp_ X L JF Ix
k0 —k di
K=1 0 ky —ky |dax
| -k —ky k1+ ko ] ds,
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(Displacement) Method

Boundary Conditions (BCs)

* Without specifying boundary conditions:

— Mathematically: Kis singular, its determinant will be zero,
and its inverse will not exist

— Physically: the structural system is unstable, free to move
as a rigid body and not resist any applied loads

* Boundary conditions are of two general types:

— Homogeneous BCs,occur at locations that are completely
prevented from movement

— Nonhomogeneous BCs, occur where finite nonzero values
of displacement are specified, such as the settlement of a
support.
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Boundary Conditions

Homogeneous 1 O A D
Boundary Conditions k, Fro Kk
dix =0 k0 —k |
7 B <

Node 1 is fixed ¥ 2 k
ki —ky kit k| |

0

>

ff}'u_r J

k1(0) + (0)dry — k1d3x = F1x —> Unknown Reaction

—k1(0) —

[}{[}} T ﬁ(g ffg_x- — ffgff_l_\- = f*vg_x-
kaodary + (k1 + k2 )dzy = Fiy

Known Applied

Loads
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(Displacement) Method

Boundary Conditions

Delete the rows and columns corresponding to the zero-
displacement degrees of freedom from the original set of

equations’ k» —k> ff’;v ff"’r
[—kz ky + ffz] { dlr} B {fﬁ_r}

Then solve for the unknown displacements and the reaction,
d Iy k 2 —k 2 : f*vg_r k 2 k 1 k | f*'g_r
dy | | —ka ki +k Fi | ] ] F3y

Fiy = —kidy, = —Fy — I3y

Note: for matrix inverse, review Appendix A, Page 716
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Boundary Conditions

: 1 @ 3 @ 2

Nonhomogeneous éo_/\/\/\/\/\/_o_avg\/\/\/\ﬁ

Boundary Conditions 6 [ A Fi. b Fa.
dix = 0 k0 k(6] (A

I ‘! l —

at node 1 - -

kio+0d>, — kydy, = F;, =—> Unknown Reaction

00 + kadyy = keoday = I Known Applied
—k10 — kyds + (ky + k) da, = F3,, Loads
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Boundary Conditions

Transform the terms associated with the known displacements
to the right-side force matrix before solving for the unknown
nodal displacements.

kadr — kodsy = F>y

_kjlfl‘rj'nl T {f{f| T kj}ff}‘.n — —'—f{fH:: T .!J"T_l._\-

Then solve for the unknown displacements and the reaction,

kry — —ks dh Fy,
—t{(j t{(| T f"{j {33_1- - :'I{|{1f; T f"_z._r

Fi. =kyo—kds,
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(Displacement) Method

Boundary Conditions
* Properties of the stiffness matrix:
— K is symmetric, as is each of the element stiffness matrices

— K is singular, and thus no inverse exists until sufficient BCs
are imposed to remove the singularity and prevent rigid
body motion.

— the main diagonal terms of K are always positive.
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(Displacement) Method

Example 1
k, = 1000 Ib/in. k, = 2000 Ib/in. ky = 3000 Ib/in,
ry
| 3 4 P 2 R
5000 1b
® © ® g

* Nodes 1 and 2 are fixed
A force of 5000 Ib is applied at node 4 in the x direction.

Obtain:

(a) The global stiffness matrix

(b) The displacements of nodes 3 and 4
(c) The reaction forces at nodes 1 and 2
(d) The forces in each spring
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(Displacement) Method

Example 1
(a) The global stiffness matrix Element Stiffness Matrix
1 3 3 4 4 2
L) 1000 —10007 1 ) 2000 —20007 3 L) 3000 —30007 4
= | =1000 10003 T | =2000 20004 — | =3000 30002

e Using the concept of superposition (the direct stiffness
method), we obtain the global stiffness matrix as

. . . ] 2 3 4
K=k +k® + k" 10000 0 —1000 0 71
|0 3000 0 ~3000 |2

2701210000 0 100042000 —2000 |3

0 —3000  —2000 2000 +3000 | 4
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Example 1
(b) The displacements of nodes 3 and 4 Global Stiffness Equation
(FL) [ 00— —1000——6— T ( di. )
Fay 0 3000 0 3000 | | day
T = &
Fi, —1000 0 3000 —=2000 3
Fay ) 0 =3000 —2000 5000 | | da |

Homogeneous Boundary Conditions: djx =0 and d, =0

Fi. 0 3000 —=20007 ( dsy
Fy. S000 [ | =2000 5000 | | di,
10 15 .

Global nodal displacements: diy = 11 n. dy, = m n.



Introduction to the Stiffness
(Displacement) Method

Example 1
(c) The reaction forces at nodes 1 and 2
(F,) - 1000 0 — 1000 0 1(0)
) s, > 0 3000 0 —3000 ) 0 >
Fi. [ | —=1000 0 3000 —2000 | ) {9
Fy, 0 —=3000 -2000 5000 | | 13
. _ 10000
=T P The sum of the reactions Fixand Fox
45000 is equal in magnitude but opposite in
Fox=—7—1b direction to the applied force Fiux.
Fr =0 This result verifies equilibrium of the

whole spring assemblage.
Fi. = 5000 Ib pring 5
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(d) The forces in each spring Example 1

- 1000 —10007 [ 0 : —10.000 : 10.000
Element 1 J1x = = ' Ib = — b
{. fi. } { —1000 mm}} { 10 } Jx 11 J3: 1]

- 2000 —20007 fL0 : —10.000 : 10.000
Element 2 J3x — 11 R ’ PR
{ } { —2000 ’*m:-n] { = } J3x T T

10,000 g_/\/\/\/\/\/\/\/_g 10,000
11 o THE

‘- 3000 —3 13 45,000 . —45,000
Eoment3 | d fax | _ [ 3000 —3000 R AL
~3000 3000 ¥ ¥

B AN MV o S S
11 et 11 Jl{z;l. — =0 FE.\
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Example 2

Fse
k 5 5

® ® ® ® |,

* Node 1is fixed

 Node 5is given a fixed, known displacement d 6 = 20 mm.

* The spring constants are all equal to &A= 200 kN/m.

e Obtain:

(a) The global stiffness matrix

(b) The displacements of nodes 2 and 4

(c) The global nodal forces
(d) The local element forces
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(a) The global stiffness matrix

Element
Stiffness Matrix

Global
Stiffness Matrix

I

;{:'1]

=

;{:'1]

200
200
0
0
0

— J3)

—200
400
—200
0
0

J4) —

0
—200
400
—200
0

Example 2
200 —200
~200 200
0 0 7
0 0
kN
—200 0 =~
400 —200
~200 200 |
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(b) The displacements of nodes 2 and 4 Example 2

(Fr} 22— 00 fd di. = 0 and ds, = 20 mm
B, 200 400 200 0 0 ||

PE.S =] 0 —200 400 200 0 [{ ds For =0, F5, =0, and Fy =0
Fy. 0 0 200 400 —200 || di,

Fr ) 0———0——=200——200 | | ds. ,

Transposing the product of
(0 ) |the appropriate stiffness
{0} {200 400 —200 0 0 o coefficient (-200) multiplied
0% =

_7 S " .
0 =200 400 =200 A |9 x| phythe known displacement
0 0 —200 400 @ s

(0.02m) to the left side.

0 400 —200 0 7 (da d, = 0.005 m
0 %=1-200 400 —200|< ds, oo
4 kN 0 —200 400 | day > @ =0.0lm

dy, = 0.015 m
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(c) The global nodal forces Example 2

F, = (—200)(0.005) = —1.0 kN
Fa = (400)(0.005) — (200)(0.01) = 0

Fy = (—200)(0.005) + (400)(0.01) — (200)(0.015) = 0
Fie = (—200)(0.01) + (400)(0.015) — (200)(0.02) = 0
Fs, = (—200)(0.015) + (200)(0.02) = 1.0 kN
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(d) The local element forces Example 2
Element 1 Element 3
fie | [ 200 —200 0 fiae | [ 200 —2007( 0.01
foo | [=200 200]10.005 7 [ 1200 200]10.015
fix=-10kN  f,,=1.0kN fiu=—1kN £, =1kN
Element 2 Element 4

foe | [ 200 —2007 f 0.005 ful [ 200 —2007( 0.015
fio | [—=200  200] ] 0.01 foo [ 200 200] | 0.02

fou=—1kN  f, =1kN faie=—1kN  fi. =1kN
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Example 3 re-n
D—.
1 ki 2
Pis an applied O
force at node 2 \ ® )
Rigid bar = | O
e O

Formulate the global stiffness matrix and equations for
solution of the unknown global displacement and forces.
a) Using the direct equilibrium approach

b) Using the direct stiffness method
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(Displacement) Method
Example 3

* The boundary conditions: d,, =0 d;,=0 dy, =0

a) Using the direct equilibrium approach

* The compatibility condition at node 2is, &\'=d\"=d)’ = a,
* The nodal equilibrium conditions are,

) , (2)
Fiy = .-fl;._- F3x = 3x

P = fzw.“ + quj + Y Fy, = f4:1
* The element and nodal force free-body diagrams,

a f’EEI filr F.’Ix
i g E ﬁ ﬂ A ek
Fo  fI0 A I © ’
e —D-Q—/\/W—O—-- ....__n__... P
| I 2 2
@ f-_l:rh fa‘vll_::l F-1-_t
O‘T—— =t -— -
-2

@ 4
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a) Using the direct equilibrium approach Example 3

* The total or global equilibrium equations,
Fiy = kydix — kiday
P=—-kid. + kidr. +krdr. — kadsy + kadr, — kady,

F3y = —kaday + kads, Global Stiffness

Fy = —ksdyy, + kady, ‘ Matrix

rlew [ ﬁ(l —kl U 0 ] rﬂrl_\‘-ﬁ

) P | _ —k1 kit+k+ks —ky —k; ) > >
Fs.[ | 0 —k ky 0 d3y
Fa) L0 —k; 0 k3 | \da
P

Fi. = —kd, F3, = —kadh, Fy. = —kadh,
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a) Using the direct stiffness method Example 3
L lrl ¥ L fﬂ__ X L IF’J__ X L JF_:;_.,_- L JFE ¥ L f—'h‘
£ ;11 —;11 P ;{’.I _JIE{".I Fa ;11', _}E'L?',
K = k\= = - | kY =
B [—ffl fﬂ} B [—ﬁfz ffj B [—k; ff?l
d da dsy  dyx
[ & —k 0 0 ]
Global Stiffness K— —k1 Kk +hky+ky —ky —ky
Matrix = 10 —ky ky 0
| 0 —k3 0 k3 |

Then write the global equilibrium equations and solve for the
global forces.





