Applied Mechanics -- Statics

Chapter 10 Method of Virtual Work

10.1 Introduction

- equations of equilibrium

EF;=O 2F, =0 ZM=0 etc.
a different method is now proposed, more effective for solving certain
types of equilibrium problems, it is called method of virtual work
consider a particle or a rigid body, if it is given an arbitrary displacement
from the position of equilibrium, the total work done of the external forces
during the displacement is zero

method of virtual work may extend to the concept of potential energy

10.2 Work of a Force
consider a particle which moves from 4 to 4’

dr is called the displacement of .the»parti.d.e —

F 1s the force acting on the particle

the work of the force F corresponding to the

displacement dr is defined as

dU = F+dr = Fdscosa
where |dr| = ds |F| =F

work is a scalar quantity, has a magnitude and sign, but no direction

the unit of work 1s: N-m = J (joule)
Fds (a=10° same direction
dU = Fdscosa = |0 (a=90°  perpendicular -

-Fds (0a=180° opposite direction
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force acting on a fixed point (reactions at v
frictionless pin), it is no work done R
~ forces acting in the direction perpendicular to <>
displacement, it is no work done ;
R

[1f the roller has friction with surface, then the

friction force has work done]

the sum of work done by internal forces is
Zero |

F is the force acting on AC exerted by BC,
- F s the force acting on BC exerted by AC

F and - F has same magnitude but opposite
direction, thus the total work of two internal

forces at C cancels out

_ work done of force due to an inextensible
e e e e ,CordA_B

workat 4 : TdS (same direction)

work at B : -TdS (opposite direction)

———————arigid-body,—F—and

thus the work of the internal forces again

cancels out

Eria

work done due to internal force in a rigid body

consider points 4 and B are two particles of

holding together the particles
dr  and dr might different, but the
components along 4B must be equal, thus the -

sum of the work done is zero
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consider two forces F and - F forming a
couple M acting on a rigid body

displécement at 4 1s dn

displacement at B is dr’ = dr; + dr,

total work done is

dU = -F«dr + F - dr
=-Fedri + Fedr, + F-dr,
=FdS, = Frdo

dU = M do

10.3 Principle of Virtual Work
consider a particle 4 with force acted, let it
has a displacement Jr, and the particle moves
form 4 to 4’

this displacement is possible, but not

necessarily take place, the forces may be

balanced and the particle at rest

the displacement considered is therefore an-imaginary displacement; i-s—-
called virtual displacement, the work done of each force during the virtual

displacement is called virtual work

oU

il

Fy «o0r + F, «6r + F; f§r+

=(FrFF, ¥ FF ) 0F
= R ¢ or
principle of virtual work for a particle : |
if a particle is in equilibrium, the total virtual work of the forces acting
on the particle is zero for any virtual displacement of the particle [in this

- case, R must be zero, then 6U =-0]
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principle of virtual work of a rigid body :
if a rigid body is in equilibrium, the total virtual U due to the external
forces acting on the rigid body is zero for any dr [since total U due to

internal forces are zero]

for connected rigid body, only the work due to external forces of the

system need be considered

10.4 Application of the Principle of Virtual Work
consider the toggle vise ABC
choosing a system of coordinate axes
with originat 4
expressing the virtual displacement in

terms of 660

yc = lcos @ dyc = -1sin 060
xg = 2lsin 0 oxg = 2l cos 666

oU = bUP + OUQ
= -P(Syc - QéxB
= Plsin#df - Q2lcos 836

for equilibrium 6U = 0

2Qlcos060 = Plsin 666
Q=%Ptan0

~ - foraframe ACB, assume A fixed ~
and B has a virtual displacement Jxg,

the it is obtained

B, =-%Ptan 0
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10.5 Real Machines, Mechanical Efficiency

consider the toggle vise 4ACB

input work done P Jdyc = P Isin 6 60
output work done Qdxsz = 2 Q1 cos 66

if U; = U,, the machine is said to be ideal, but in real machine, friction

force will always do some work, thus U, < U,

N=P/2 F=uP/2
5U=—Q5xB-P5yc—F5xB
=-20Ilcos00 + Plsin060 - u Plcos ol

for oU = 0
QO =%P(tan b - u)

when tanf = 4 => Q0 =0
[what happen when tan 8 < u, Q < 0?, NO, in this case, F' < u N]

the mechanical efficiency 7 is defined

output work

n=—
input work

n = 1 for ideal machine, in general < 1

Sample Problem 10.1

determine M required to maintain equilibrium

Xg = Isﬂié’ Oxg = [ cos 660
ya = lcos @ oya = -1sin 066

SU=0 MO - Pdxg + Pys = 0
MSO - Plcos30 + P(-1sin056) = 0
M = Pl(sin 6 + cos 0) :
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Sample Problem 10.2
determine @ and the spring force for equilibrium
spring constant = k, ' = 0 for yc = A
yg = Isinf oys = [cos 000
ye=21sn@  Syc = 21cos 050
S =yc-h=2Isinf - h
F=ks =kQ2Ilsin@ - h)

SU=0 Py - Fdyc =0
P(lcos060) = [k(21sin6 - h)]
(2 I cos 650)
, P+ 2kh B
sin = —— y
4kl
P+ 2kh P
2

and F=kQI—Z220 _py =
| 4kl

determine Fpy of the hydraulic-lift

y=2asinf  Jy = 2acosBdf

s2=qa>+ I*-2alcosf

2595 = - 2alL(-sin0)o0

. aLsin@ o
Oy = T——————==0U . l i
s E) T 3 |
T U =0 - WSy F Fopds = 0 ________________
- W (2 acos 050) S & - e e Pt
LU R

S

FDH = W—cot 0
L
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forr 6 =60° a=07m L =232m
s =291m W = 981 kN
FDH = 515 kN

10.6 Work of a Force Due a Finite Displacement

consider a force F acting on a particle
dU = F « dr

the work of F due to a finite displacement

of the particle form 4, to A4, is

4
Uiy = SA F - dr

F cos a

also dU = FdScosa a may vary

5,
Uiy = SS FdScosa

if F and dr in the same direction, then a = 0 and cosa = 1

i.e. 4 U1—>2 = F(Sz - S])

~ if the work is done by moment

dU = M do

U1->'2 = S;Md@

if M = constant, then. Ui, = M (0, - _6,)
work of weight

dU = - Wdy

Uiy = - S:z Wdy '

=-WO.-y1)=-WAaAy
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i updefomxed—
work of force exerted by a spring :

F =Fkx k : spring constant
dU = -Fdx

Uo = -§ Fdx =-§ kxdx

= 1/2k)€12 - 1/2kJC22

U\, 1s positive when x, < xj, i.e. spring

1s running back to its undeformed position - -

X

Uiy = -Sdex = -1/2(F1 + Fz)A)C

X

10.7 Potential Energy
work done by weight = Wy, - Wy,

define V, : the potential energy with respect to

force of gravity W

Ve =Wy
then . U1—>2 = (Vg)l' - (ng

work done due to spring force = Y kx> - Yakx?

define V. : the potential energy due to spring force
Ve = Vakx?

then »‘ U, = (Vo - (Ve

the concept of potential energy may be used when forces other than

gravity force and spring force

if it is possible to find a function ¥, called potential energy, such that
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dU = -dV
mtegrating over a finite displacement, then
U =1 - 1,

a force which satisfied the above equation is said to be conservative force

10.8 Potential Energy and Equilibrium

for a virtual displacement 66
oU = -6V is afunction of 66

if the position of the system is defined by a single independent variable

0, we may write
oU = (3V/36) 66

06 must be different from zero

thus the equilibrium condition is

oU =0 =  JV/a0 =0
consider the example ‘
. DA : length of undeformed sprihg .
Ve = Y2 k xg?
Vg = WyC e i

xw = 20sin® V.= %kQIsin0f

yc = lcosd V, = Wlcos 0 |
V="V.+ Vg=2kPsin’d + Wicos
av/do = 4kPsinfcosf - Wising = 0
ite. sinf =0 or 4dklcost =W |
=0 ' - Eap
and 60 = cos' (W/4 k) this position does not exist if W > 4 ki
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10.9 Stability of Equilibrium

consider the three uniform rods of length 2a and Weight 74

(a) S‘taBIe equilibrium (&) Unstable equilibrium (¢) Neutral equilibrium

V =Wy
at the equilibrium position 6 = 0
(a) : V' = mwinimum
(b) : ¥ = maximum

(¢) : V = constant

R Vi ' v

{a) Stable equilibrivm

{¢) Neutral eth'brium

dv/dd = 0 - forequilibrium

av/de* > 0 i.e. V = Vain stable equilibrium
d*vV/ide < 0 ie V= Vm;x unstable equilibrium
&V/de = dV/deP = - = 0

1.e. V' = constant neutral equilibrium

if the system considered possesses several degree of freedom, say V =
Vo, 6,), it will be minimum if the following relations are satisfied

simultaneously
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Sample Problem 10.4
the spring is unstretched when 6 = 0°

- determine the positions of equilibrium

Ve = Y2 ks> = Yok (a 0)?
Ve =Wy = mgbcos b
V="V +V,

=Y2ka*@ + mgbcos 0

for equilibrium  dV/df = 0

y W= mg
ka*0 - mg bﬂsin =20 ﬁ T +~\A }\ S
ng - k@ AX00E 7 7
. mgb  10x981x03 .
sin = 0.8699 6 . RN

6-0° or 0=0902rad=SL 0

stability for equilibrium

&V /de* = kdz - mgbcos
= 4%0.08 - 10x9.81 x 0.3 cos §
= 25.6 - 29.43 cos 6
for § = 0° dV/de® = -383 <0 unstable
for 6 = 51.7° &V/df* = 736 >0  stable
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