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Objectives:

Derive the Clapeyron’s theorem of three moments Analyze continuous beam with different moment of in-
ertia with unyielding supports Analyze the continuous beam with different moment of inertia in different
spans along with support settlements using three moment equation.

11.0 INTRODUCTION

A beam is generally supported on a hinge at one end and a roller bearing at the other end. The reactions
are determined by using static equilibrium equations. Such as beam is a statically determinate structure.
If the ends of the beam are restrained/clamped/encastre/fixed then the moments are included at the
ends by these restraints and this moments make the structural element to be a statically indeterminate
structure or a redundant structure. These restraints make the slopes at the ends zero and hence in a fixed
beam, the deflection and slopes are zero at the supports.

A continuous beam is one having more than one span and it is carried by several supports (minimum
of three supports). Continuous beams are widely used in bridge construction. Consider a three bay of a
building which carries the loads W, W, and W3 in two ways.

1" 1" 1"
! i i !

FIG. 11a Simply supported beam

FIG. 11b Bending moment diagrams
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FIG. 11¢c Continuous beam

FIG. 11d Bending moment diagram

If the load is carried by the first case then the reactions of individual beams can be obtained by
equilibrium equations alone. The beam deflects in the respective span and does not depend on the
influence of adjacent spans.

In the second case, the equilibrium equations alone would not be sufficient to determine the end
moments. The slope at an interior support B must be same on either side of the support. The magnitude
of the slope can be influenced by not only the load on the spans either side of it but the entire loads on
the span of the continuous beam. The redundants could be the reactions or the bending moments
over the support. Clapeyron (1857) obtained the compatibility equation in term of the end slopes
of the adjacent spans. This equation is called theorem of three moments which contain three of the
unknowns. It gives the relationship between the loading and the moments over three adjacent supports
at the same level.

11.1 DERIVATION OF CLAPEYRON’S THEOREM (THEOREM
OF THREE MOMENTS)

Figure 11e shows two adjacent spans AB and BC of a continuous beam with two spans. The settlement
of the supports are A4, Ag and A¢ and the deflected shape of the beam is shown in A’B’C’ (Fig. 11f).

R R

B

FIG. 11e
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The primary structure is consisting of simply supported beams with imaginery hinges over each
support (Fig 11g). Fig 11h shows the simply beam bending moment diagrams and Fig 11i shows the
support moment diagram for the supports.

A compatibility equation is derived based on the fact that the end slopes of adjacent spans are equal
in magnitude but opposite in sign. Using Fig 11f and the property similar triangles

GD  HF
DB’ B'F
AB—AA-i-Sﬁ o Ac—AB-FSg
h B b
. 0 8 A4—Ap Ac—Ap .
1.e. Z + g = I + L (1)
The displacements are obtained as follows.
SB—L A%+ im0 (i1)
A - Ev1 11 171 2 A% 3 2 B "1 1

1 1 1
Slé Ez[z {AzXer 2Mcl2 + 2M312 212/3}

Combining the equations (i) and (ii)
M4l I b I3 Aix; Ao
2Mp | —— + — M, 6
E M <E111 + B - Byl + E\L * Eybl

A, — _
_ g A AB+AC Ap
L b

(iii)
The above equation is called as Clapeyron’s equation of three moments.

In a simplified form of an uniform beam section (£/ = constant); when there are no settlement of
supports

(iv)

Aix; Axx;
Moy +2My(h + ) + Mcl _6< X1 +22>

A L

It is to be mentioned here that x; and x; are measured outwards in each span from the loads to the ends.

11.1.1 Procedure for Analysing the Continuous Beams using Theorem of Three
Moments

(1) Draw simple beam moment diagram for each span of the beam. Compute the area of the above
diagrams viz, 4,4, ...4, and locate the centroid of such diagrams x;,x;...x,. It must be re-
membered that the distances x1, x5 ...x, are the centroidal distances measured towards the ends
of each span as shown in Fig. 11j.
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— 5

FIG. 11j Simple beam moment diagrams

(2) Identify the support moments which are to be determined viz, M, Mg and M¢

(3) Apply three moment equation for each pair of spans which results in an equation or equations
which are to be solved simultaneously. If the beam is of uniform section (£7/ = constant) and
no support settlements apply equation (iv) and in case the beam is non-uniform and the support
settles/raises apply equation (iii).

(4) The solution of the equations gives the values of the support moments and the bending moment
diagram can be drawn.

(5) The reactions at the supports and the shear force diagram can be obtained by using equilibrium
equations.

11.2 APPLICATION OF THREE MOMENT EQUATION IN CASE OF BEAMS
WHEN ONE OR BOTH OF THE ENDS ARE FIXED

11.2.1 Propped Cantilever Beam

Consider the propped cantilever beam of span 4B, which is fixed at 4 and supported on a prop at B. It
is subjected to uniformly distributed load over the entire span. The fixed end moment at the support 4
can be determined by using theorem of three moments.

/w/m

f """"""""""" j / %

A zero span A B

FIG. 11k Propped cantilever beam

As the A4 is fixed support, extend the beam form A to A" of span ‘zero length’ and A’ is simply
supported.

(1) The simple beam moment diagram is a parabola with a central ordinate of (w/?/8). The centroid
of this bending moment diagram (symmetrical parabola) is at a distance ‘//2’ from the supports
A and B.

wl/8

'

FIG 111 Qimnle heam mament diaoram
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, . 2 wi? w3
It’s area is 4 = <3) (1) <8> =17

(2) The support moment diagram is drawn as

M

A

/

FIG. 11m Pure moment diagram

(3) Apply three moment theorem for the span AB.
3 /
M, (0) +2M4(0+1)+0 = —6 (»;2> <2>

MA = *Wl2/8

(4) The support reactions are computed by drawing the free body diagram as

1

A

wi?/8 wim

B

FIG. 11n Free body diagram

SV =0; VitV =wl
3 My =0; _glz +W212—V31:0
and hence

oz

(5) Using the reactions, the shear force diagram and bending moment diagrams are obtained as

) B
A &

FIG. 110 Shear force diagram
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The point of contraflexure is determined by equating the bending moment expression to zero and
hence

P +4x* —5lx=0
Solving the above equation we get x =/ and

The location of maximum positive bending moment from support 4 is obtained by equating the
shear force to zero.

Swi
%fwx:O
sl
TR

At this location, the maximum positive bending moment is obtained from

o0 2
Max +ve BM = —* 4 (M) (51> _ wl/8)

8 8 8 2
w2 25w 25wl 9wl
Me=—— - = =0.07wl?
¢ s 64 128 128 W
0.07 wi
/ +ve
4 | 0251 B
- C 31/8 }

FIG. 11p Bending moment diagram

11.2.2 Beams with Both the Ends Fixed
Consider a beam 4B of span / is fixed at both the ends. The beam is carrying a concentrated load of W'
at a distance of ‘//3” from the fixed end 4.

As the end 4 is a fixed support, extend this 4 to A’ of span (/') of zero length and is also simply
supported at A’. Likewise the end B is extended to B’.

The simply supported bending moment diagram is drawn with the maximum ordinate as
W x(l/3 21/3

The centroid of the unsymmetrical triangle is shown in Fig. 11.3j.
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_________ j I3 1W 203 E
-0} ! -0
y 4 B B

FIG. 11q Fixed beam

2wWl/9

'

FIG. 11r Simple beam moment diagram

|<— a —>|<—b—>

CG

— 5 )

FIG. 11s Centroid of an unsymmetrical triangle

4] 51
The centroid of the simply supported BMD is obtained using the above as <9) from 4 and (9>
from B.

1 2w\ WP
The area of the bending moment diagram is <2> (1) ( ) =—

9 9 -

The support moment diagram can be drawn by identifying the support moments as M, and Mj.

Thus
M, M MB

[

FIG. 11t Pure moment diagram

Applying three moment theorem for a pair of spans of 4’AB (Ref Eq (iv))

2
MAG) +2M (0+1) + My (1) =0—6 <W91> <591> x1/1
2My+ My =—037 Wi
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Considering the next pair of spans 4ABB’

Wi\ (4l
<MJ+M@U+®+M%&_f6<E))(9>
My +2Mp = —0.296 W1
Thus the support moments are obtained by solving the above equations

M, =—-0.148 Wi
Mg =—-0.074 Wi

Free body diagram to determine the reactions

0.13@ Wi B W Y13 0.(54 wi
! ¢ T
v, V
FIG. 11u

Using the static equilibrium;

V=0, Vi+Vg=W

!
Y M, =0; —0MMW+WQ>—%HOWMW_O
Vg =0.26W
Vi=0.74W
0.74 W +
- 0.26 W

FIG. 11v Shearforce diagram

0.0986 Wi

+

-0.148 Wi -0.074 wi

FIG. 11w Bending moment diagram
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11.3 NUMERICAL EXAMPLES ON CONTINUOUS BEAMS

EXAMPLE 11.1: A continuous beam ABC is simply supported at 4 and C and continuous over support
B with AB = 4m and BC = 5m. A uniformly distributed load of 10 kN/m is acting over the beam. The
moment of inertia is / throughout the span. Analyse the continuous beam and draw SF'D and BMD.

/IOkN/m
a'a'a'a'a'a'a’'a'a'a's'a'a'a'a'a'a'a'a'a'a'a'a'a)
A* 4m *B 5m fc

FIG. 11.1a
20 31.25 kNm
}
Al AZ
y ' ¥ c
~ % ~ %

FIG. 11.1b Simple beam moment diagram

FIG. 11.1c Pure moment diagram

Properties of the simple beam BMD

2 2
Ay =3 x4x20=5333 KNm? | 4, = 3 X5%3125= 104.17 kNm?

X =2m X, =2.5m
i =4m L =5.0m

Applying three moment equation for the span ABC

Aix; Arxy
MW +oMy(l +b)+ M, =—6 (}1‘ + Z“)
53.33x2 , 104.17x2.5
4 5
18Mg = —6(26.67 +52.1)
My = —26.26 kKNm.

2Mp(4+5) = —6 (
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EXAMPLE 11.2: Analyse the continuous beam by three moment theorem. Draw SFD and BMD.

10 kN 10 kN
2 l 4 m 3 l 3m
f D ¢m f E 6m ?
A B C
FIG. 11.2a
SOLUTION
The simple beam moment diagram is drawn as
10x2x4
Mp=Wab/l = —6 - 13.33 kNm
6
Mg =WI1/4=10x i 15 kNm
FIG. 11.2b Simple beam moment diagram
MB
A B C
FIG. 11.2c Pure moment diagram
Properties of the simple beam BMD
1 1

A1:§(6)13.33:40.0 A2:§><6><15:45
ﬁ:%:2.67m X, =3m

Z] =6m
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50
60 kNm

A B C

FIG. 11.4b Simple beam moment diagram

FIG. 11.4c Pure moment diagram

Properties of the simple beam BMD

2 1
A1:§><5><50:167.5kNm2 A2:§x10><6O:300kNm2
10+6
¥ =2.5m X, = TjL =533m
[} =5.0m L=10m
167.5%2.5 300x5.33
SH, +2Mp(5+10) + 10/ :—6< e )

30 My = —6(83.75+159.9)

| Mp = —48.73 kNm |

Properties of the simple beam BMD
2V =0; Vi+Vp =80 (1 Vpr+Ve =25 (iii)
16(5) 3 .
SM=0; 5V;+49— (2) =0 (i) 10V, —25(6) —49=0 (iv)

V,=30.2kN Vgr = 19.9 kN
Vg = 49.8 kKN Ve=5.1kN
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The simple beam moments are

Mp =20 x 10> /8 =250 kNm

50 % 6% 2
My = % — 75 kKNm
250 kKNm
l 75
!
A D B E C

FIG. 11.5b Simple beam moment diagram

Properties of simple beam BMD

2 1

A, =3 10 x 250 = 1666.7 kNm?> A2:§x8x75:300kNm2
8+2

)?1:5111 )?22%:33311’1

11:10m 12:8.0111

Since A4 is fixed imagine a span 4’4 of zero length and 4’ as simply supported. Apply three moment
theorem for the spans 4’AB.

1666.7 x 5
M(0) +2M4(0+10) +Mp(10) = —6 (wx +0>
20M,+ 10Mz = —5000
2M+ Mg = —500 (i)

Apply three moment theorem for the spans ABC.

1666.7x5 300 x 3.33
M4(10) +2M;(10+8) + SM =—6< T )
10M,; +36Mz = —6(833.35 + 124.875)

10M;; + 36Mp = —5749.35 (ii)

Solving equations (i) and (ii)

M, = —197.6 KNm
Mg = —104.8 KNm
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Free body diagram of spans 4B and BC

24 kN 16 kNm A KN/m
10 kNm l 16 kNm B QNWWYWYY\ C
4 Q 2 2 F> B ! 6m
T VBZ VC
v 14
4 Bl FIG. 11.7¢
FIG. 11.7d
Static equilibrium of AB Static equilibrium of BC
SV =0; Vi+Vs =24 (i) Vo + Ve =24 (iii)
YM=0; 4V;+16—10—-48=0 (i) Y Mg =0;
62
Vy=10.5kN. 16+6VC—4><5:0
Vg = 13.5. Ve =9.3kN.
Vgy = 14.7 kN.
10.5kN
+ 9.3
N
y B D S
14.7 kN

f—4m _liI.SkN 6m —

FIG. 11.7f Shear force diagram

The zero shear location in span BC is
147—-4x=0
x=3.67Tm.
Maximum +ve BM = 14.7(3.67) — 4(3.67)? /2 — 16 = 11 kNm

24 kNm

11 kNm

16 kNm

—~=\C
4 B <~ 3.67m —]

FIG. 11.7g Bending moment diagram
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Solving (i) and (ii); From eq (i); Mp = —2M and putting in eq (ii)
My—12M4 = —60

My =5.45 kNm.
Mp = —10.9 kNm.

Free body diagram of span AB and BC

5.45 kKNm 10.9 kNm 10.9 kNm / 30 kN/m
4 B A'AAAAAAAAAA
T A TR
A VBJ VBZ VC
FIG 11.8d FIG 11.8e
Static equilibrium of span AB Static equilibrium of span BC

v =0; V=0

Vi+Vg =0 (1) Ve + Ve =60 (iii)

Y My =0; > My =0;

30 x 22
545+109+2V,=0 (i1) —10.942Vp — )
Vy=—82kN Vpr =35.5kN
Vg, = +8.2kN Ve =24.5kN
35.5 kN/m
A + C
- B -
8.2 kN 24.5
FIG. 11.8f Shear force diagram
10.9 kNm
A
. B D c
5.45 kNm

FIG. 11.8g Bending moment diagram
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Applying three moment theorem for the span ABC

M, <§)+2M <5+16;1> 30x%
:_6<240><2.67 360><3>
51 6x 1.5
SM +18Mp — 120 = —6/(128.16 + 120)
5M, + 18Mp = —1488.96 + 120
SM+ 18Mp = —1368.96 (ii)

Solving equations (i) and (ii)

My = —33.76 kNm.
Mp = —66.67 kNm.

Shear forces and moments in members AB and BC.

Member AB
80 kN
(I 3m l 2m 7 66.67 kNm
33.76 kNm | b f
VAB VBA
FIG. 11.9d
zV:(); Vap+Vps =80 (1)
S My=0;  SVi+66.67—33.76—80(2) =0 (ii)
Vip = 25.42
Vit = 54.58
Mp = —33.76+25.42(3) = 42.5 KNm.
Member BC
20 kN/m
66.67 kNm (_ A Y Y Y Y YA Sy ) 30 kNm
\ - +
VBC CB

FIG. 11.9¢
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FIG. 11.9i Elastic curve

EXAMPLE 11.10: A continuous beam ABCD is simply supported at 4 and continuous over spans B
and C. The span 4B is 6 m and BC are of length 6 m respectively. An overhang CD is of 1 metre length.
A concentrated load of 20 kN is acting at 4 m from support A. An uniformly distributed load of 10 kN/m
is acting on the span BC. 4 concentrated load of 10 kN is acting at D.

20 kN 10 kN/m 10 kKN
4m 2m “ l
f E f F I im D
FIG. 11.10a
The simple beam moments are
20x4 %2
My = % —26.7kNm

62
Mp =10 x ) =45.0 kNm

Mc=—-10x1=—10kNm

26.7 45 kNm

A E B F C

FIG. 11.10b Simply suppored BMD
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FIG. 11.10c Pure moment diagram

Considering spans ABC
Properties the simple beam BMD
1 2
A1:§x6><26.7:80.1kNm2 A2:§x6x45:180kNm2
6+4
)?1:%:3.33111. X =3m.
l] =6m. 12 =6m.

(—10
6 6 6\ 6M, 80.1x3.33 180x3
My~ + — =—
714{‘”r B<1+21>+ 1 6( 6 +6><2>
18Mp5 — 30 = —6 (44.45 4 45)

Mp =28.15 kNm.

Shear force and bending moment values for the spans AB and BC

20 kN 28.15 kNm
4 l 2 )
A T E T B
VAB VBA

FIG. 11.10d

Using equilibrium conditions;

ZVZOQ Vap+Vps =20
Y M=0; 6V+28.15—-20(2)=0

Vip =1.98
Vs = 18.02

575

(M)
(i)
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28.15 kNm 101/m 10 KNm
5 oYY Y Y Y Y Y Y YY Y YY Y YY )C
[ - |
VBC VCB
FIG. 11.10e

Using equilibrium conditions;

NV =0; Vsc+Vep=10(6) =60

62
2Mc=0 10-28.15+6Vpc—10x > =0

Vec = 33 kN.
Vep = 27 kN.
33
1.98 10 kN
_ + +
A 6m B 6m _|C D
27
18.02

FIG. 11.10f Shear force diagram

FIG. 11.10g Bending moment diagram

(iii)
(iv)
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EXAMPLE 11.11: Analyse the continuous beam shown in figure by three moment theorem. Draw
SFD & BMD.

30 kN 40 kN 20 kN
4 2 2 J 2 J
5 E % F 2 2mD
A B C
FIG. 11.11a
SOLUTION
The simple beam moments at £ and F are
Wab  30x4x2
Mp =" = 2202 40 kNm
/ 6
Wil 40x4
My == = % 40 kNm
30 40 kKNm
+ +
A E B F c D

FIG. 11.11b Simply supported beam BMD

A B C D

FIG. 11.11c Pure moment diagram

Properties of simply supported beam BMD

1 1
A1 = 5 X640 = 120 KN’ Ay = 5 x4 x40 = 80 kNm’
614
)?1:‘—; =3.33 »=2m.

[} =6.00 L =4.0m.
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Applying three moment theorem for spans AB & BC

1 333 80(2)
WA+2MB(6+4) +}\4\7fc— —6 (2 X 6 x40 x €00 + 4>

20Mj — 160 = —6 (66.6 4 40)
20M = —479.6

My = —23.98 kNm\

Free Body diagrams
30 kN 40 kN
4m | 2m 24kNm Zm | 2m 40 kNm
i E } t F }
VA VBI V82 VC
FIG. 11.11d FIG. 11.11e
YV =0; Vi+ Vs =30 @) YV =0; Vgy 4 Ve = 40 (iii)
Y Mg =0; 6V, +24—-30(2) =0 (ii) Y Mp=0; 40+40(2)—24—4Vc=0 (iv)
Vy=6kN _ Ve =24kN
VBl:24kN o V32:16kN
20
16
+ +
6 +
2m 2m
A 4m E B T m F C 2m D
24 24 kN

FIG. 11.11f Shear force diagram
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40 kNm 40 40 kNm

B F cC D

FIG. 11.11g Bending moment diagram

EXAMPLE 11.12: Draw the shear force diagram and bending moment diagram for the beam shown

in figure.
10 kN/m
A’ /IKVWWVWV\/KWWWWY\
b 24 3m 1 6m be
FIG. 11.12a
FIG. 11.12b Simply supported beam BMD
SOLUTION

As the end A is fixed, imagine an imaginery span A’A of zero length with no load and A’ is simply
supported.

Considering the span A’AB

§><3 X 11.25) 1.5

o+ (
MM +2M4(0+3) +3Mp = —6 3 )
6M4+3Mp = —67.5

Considering the span ABC

225%x1.5 180x3
3MA+2MB(3+6)+)51\7[C:_6< 3 +— )

3M,+ 18Mp = —6 (11.25+90)
3M+ 18Mz = —607.5 (ii)
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Solving (i) & (ii)

My = —34.77 kNm.
My = 6.14 kNm.

The BMD is drawn using the above end moments as

Al 4

6.14 kNm

FIG. 11.12¢ Bending moment diagram

Shear force and BM values for spans AB and BC
Static equilibrium of AB

6.14kNm  , 10kN/m 734.77 kNm
Y Y Y Y Y Y Y Y Y Y Y Y Y
A(§ 3m \"B
Vg V.,
FIG. 11.12d
NV =0; Vig+Vss=30 (1)
32 3
Y Mg =0; 34.77+6.14+3VAB—10><3:O (ii)
Vi = 1.36 kN.
Vs = 28.64 kN.

Static equilibrium of BC

FIG. 11.12e
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NV =0;  Vgc+Vep=10(6) =60

62
Y Mc=0;  —3477+6Vzc —10x 5 =0
Vsc = 35.8 kN.
Vep =242 kN.

Maximum positive BM is span AB

The location of zero shear force in AB zone is

1.36 —10x; = 0.
x1=0.135m
35.8
1.36
|<_ X _.|C
A D B E
|'_ X _.|
28.64 242 kN

FIG. 11.12f Shear force diagram

E C
l— 242m —+|

FIG. 11.12g Bending moment diagram

Mxix1 = 6.19+1.35 (0.135) — 10 (0.135)%/2 = 6.28 kKNm.

583

(iii)
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Maximum positive BM in span BC

The location of zero shear force in BC zone is

242-10x, =0
X, =2.42m
Moy =24.2(2.42) — 10(2.42)%/2
=29.3 kNm.

EXAMPLE 11.13: A continuous beam ABCD is of uniform section. It is fixed at 4, simply supported
at B and C and CD is an overhang. 4B = BC =5 m and CD = 2 m. If a concentrated load of 30 kN acts
at D, determine the moments and reactions at 4, B and C. Sketch the shear force and bending moment
diagram and mark in the salient values.

30 kN
] |
f ¢ Sm | 5m boom
A’ 4 B C D
FIG. 11.13a

SOLUTION
As the end 4 is fixed imagine a imaginery span A’4 of zero length and 4’ is simply supported.
Apply three moment theorem for the spans 4’48

Z\M +2M4(0+5)+5Mp = —6(0+0)
10M,+5Mp =0
M4+ Mg =0 (1)
Apply three moment theorem for the spans ABC
S5My+2Mp(5+5)—60(5) = —6(0+0)
SMy+20Mp =300 (i)

Solving (i) and (ii)

M, = —8.57 kNm.
Mg = +17.14 kKNm.




Shear force and BM values for spans AB and BC

Continuous Beam

Span AB
8.57 kNm 17.14 kNm
A C} 5m QDB
VAB VBA
FIG. 11.13b
SV=0, Vig+Vps=0

Y Mp=0; 5V;5—857—17.14=0
Vig = 5.14kN.
Vs = —5.14 kN.

Span BC
17.14 kKNm 60 kNm
B G\ 5m }4C
VBC VCB
FIG. 11.13¢c

NV =0; Vec+Vep=0

YM=0; 60.0+17.14+5Vsc =0
Vae = —15.43 kN.
Vep = +15.43 kN.

30 kN
5.14
+ +
A B C D

15.43

FIG. 11.13d Shear force diagram

583

(M)
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60

8.57

17.10 kNm

FIG. 11.13e Bending moment diagram

EXAMPLE 11.14: Analyse the continuous beam by the theorem of three moments. Draw neat sketches
of SFD and BMD. Clearly indicate all the salient values.

20 KN/m
16 kN 40 kN
N T
T 2 4m T 4m T
A’ A C D E
FIG. 11.14a
SOLUTION
The simple beam moments are
wi?  wi 42 4
Mp=—+—=20x —+16x —=56kN
B 8+4 0><8+6><4 56 kNm
wl 4
Mp=—=40x - =40kN
D 4 X 2 m
40 40
i {
A B C D E

FIG. 11.14b Simple beam moment diagram
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16

!

A B C E

FIG. 11.14c Simple beam moment diagram

Properties of simple beam BMD

2 1 1
A1:§><4><4O+§><4><16:138.67 A2:§><4><4O:8OkNm2
L =4m X)=2m
)?1:211’1 12:411'1

Applying three moment theorem for span A'AC

A1x Ax
W+2MA<41/+12)+M6*12=6 %+§M
1 2

2
DM, (4) +4Me = —6 x 138.67x

8My+4Mc = —416.01

Applying theorem of three moments for the spans ACE

138.67x2 80 x2
MA(4)+2MC(4+4)+M/E«6:6( 1 + 4)

4My+ 16Mc = —6(109.335) = —656.01

Solving Equations (i) and (i) %'Z - :gg 1&12
Free body diagram
36kNm 2m 16N 20 kN/m 32 kNm 32 Wm0k
4 B cl ()

FIG. 11.14d FIG. 11.14e

585

(i)
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Static equilibrium of AC Static equilibrium of CE
ZV =0; ZV =0;
Vi+Ver = 16+4(20) =96 (1) Voo +VE =40
ZMA =0 ZME = 0;
42
—36+32+4V,—16(2) —20 x > =0 (ii) —324+4V—40(2)=0
Ver =47 kN Vg =12kN
49
28
+ 9 +
B D E

A _ C 3
7

47 kN 12

FIG. 11.14f Shear force Diagrams

56 kNm

FIG. 11.14g Bending moment diagram

EXAMPLE 11.15: Sketch the BMD for the continuous beam shown in figure.

ﬁ 60lkN 20 KN/m 30lkN
Im 3m

T 0 ﬂ T 4m T I m

A’ y NG B E @) C F

FIG. 11.15a

(iii)

(iv)
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45 40
i {
A D B E C

FIG. 11.15b Simple beam moment diagram

M,

B

A B C

FIG. 11.15¢ Pure moment diagram

SOLUTION
Properties of the simple beam BMD
1 2
A1:§><4><45:90kNm2 A2:§><4><40:106.7kNm2
441
21:%:1.67m X)=2m
11 =4m 12 =4m

Since 4 is fixed assume an imaginery span of 4’4 of zero length with no loading. Assume A4 as simply
supported. Apply three moment equation for the span A’AB,

0+4 My 4 _ 6 0+90x2.33
A X3
8M, +4Mp = —315 (1)
Applying three moment theorem for the spans AB and BC;
x 1. X
M, (;1) T 2M, <341+ j]) M (;‘1) — 6 (93 2L 1(;6;412) |

1.33M 4 +2Mp(1.33+1.0) =30 = —6 (12.525+ 13.338)
1.33M4 +4.66Mp = 30 — (25.863)6
1.33M4+4.66Mz = —125.18 (i1)

M (0) +2M,

Solving (i) and (ii);

M, = —-30.3 kNm.
Mp = —18.1 kNm.
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Free body diagrams of span 4B and BC

kN 20 kN/
303 kKNm 60 18.1 KNm 18.1 KNm 2V KM 50 kKNm
( I m 3 ) B ({WVWVW) C
A4 ‘B 4m
v, Vs, Vi, Ve
FIG 11.15d FIG 11.15e
Static equilibrium of AB Static equilibrium of BC
EV =0; 2 V =0;
Vy+Vp =160 @) Vo + Ve =80 (iii)
> Mp=0; 3 My =0
42
—30.34+18.144V,—60(3) =0 —18.10+30+ 4V —20 x 5 = 0
Vy=48.05kN (i1) Viy = 37.02 kN.
Vg, = 11.95kN Ve =42.98 kN.
48.05 kN
30 kN
N 37.02 kN
+ +
A D - B E C F
11.95 kN 189 m
42.98 kN
FIG. 11.15f Shear force diagram
+
303kNm /N IBIKNm 7 7y N\ 30.0 kKNm
A B E C F

FIG. 11.15g Bending moment diagram
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EXAMPLE 11.16: Analyse the continuous beam by three moment theorem. E is constant. Draw the

bending moment diagram.

KN/
- lSOkN . /20 N/m
A’ ¢ 3m E } dm FI™ 4" Tm p
G 4 @D B @ ¢ @
FIG. 11.16a
53.33 40 kNm
A E B F C D

FIG. 11.16b Simple beam BMD

M,
10 kNm
M,
A B C D
FIG. 11.16¢c Pure moment diagram
SOLUTION

As the end 4 is fixed assume an imaginery span 4’ of zero length with no load and 4’ is simply supported;

Apply three moment theorem for spans A'AB

0 3 3 80 x 1.33
M, 2M 2l aMu2) == oUx 222
A(Z{>ﬂ+ AQ%/J%I * B(sz) 6<0+ 3><31>

2M 4+ Mp =—70.93 (1)
Applying three moment theorem for spans ABC
3 3 4 4 80x1.67 106.67 x2
Myl = |+2Mp| —+=—= ) —10( = ) =—6
”‘(31>Jr B<31+21> (21) ( 3x30 | 20x4 )
My+6Mp—20=—6(14.84+26.67)
My+ 6Mp = —249.06

(i)
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Solving (i) and (ii)

M, = —16.05 kNm.
My = —38.84 kNm.

Free Body diagrams of span AB and BC

16.05 kNm 80 kKN 38.84 KNm /20 kN/m
Q 2m l I m ) 3884 kNm Qw)
) ¥
VA E VBI VB-’ m VC
FIG. 11.16d FIG. 11.16e
Y Mp=0 Y Mc=0
. 20 x 42 .
—16.05438.84 —80(1)+3V,=0 (ii) 10 —38.84 +4Vp — =0 (iv)
Vy=419.07 kN Vo = 47.21 kKN
Vg1 = +60.93 kN c. Ve=32.79kN
Mg =—17.86+20.88(2)
=23.9kNm
The location of zero shear in zone BC is obtained from
4721 -20x=0
x=236m
2.36%

Max +ve BM = —38.84 +-47.21 x 2.36 — 20 X
= 16.88 kNm

At the midspan of BC;

22
Mp = —38.844+47.21 x2—-20x 5 = 15.58 kNm
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19.07 kN
4721 kN 20 kKN
+
+ +
A E B C D
60.93 kN 33.79 kN

FIG. 11.16f Shear force diagram

1605 A —----XC T T T T e e Y 10 kNm

A 2m E 1Im B I‘_2.32m_.|C Im D

FIG. 11.16g Bending moment diagram

EXAMPLE 11.17: A continuous beam ABC is fixed at 4 and C. It is continuous over a simple
support B. Span AB is 5 m while BC span is 6 m. It is subjected to a concentrated load of 60 kN at
3 m from A4 and the span BC is subjected to uniformly distributed load of 10 kN/m. The ratio of flexural
rigidity of span BC to BA is 1.5. Sketch the shear force and bending moment diagram. Use Clapeyron’s
theorem of three moments.

60 kN 10 kKN/m

4 3m l 2m NW\f/YWW\I\
f %I 5m T 6 m CI§
A B CSED

Q—»

FIG. 11.17a

SOLUTION

The simple beam moments are

Wab 60 x3x2
I 5

2 10x6
ME:%: ; = 45kNm

Mp = =72 kNm
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72 45 kNm

A D B E c
FIG. 11.17b Simple beam BMD

M,

B

A B C

FIG. 11.17¢c Pure moment diagram

Since 4 is fixed imagine a span of zero length A’4 with no load and 4’ is simply supported.

Apply three moment theorem for the spans A'AB

Properties of the simple beam BMD

1

A[ZO A2=§X5X72:180
542

X1 =0 )?2:%:2.33

L =0 L=5.0

L I8 b b Aixy  Axxp
M, = My | —+ = Mgl =) =—-6—"-+—=
A(11>+ A<11+12>+ B<Iz> < n )

5 5 180 x 2.33
My (2 )+ M (2) =6 —=22
(7)o (7)o (%557)
10M,; + 5Mp = —503.28 (i)

Apply three moment theorem for the spans ABC
Properties of the simple beam BMD

2

Ay = 180 kNm? Ay = 3 X 6 x 45 = 180 kNm?
543

)?1:%:2.67111 X>=3m

11:5m 12:611’1
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5 5 6 6 180 2.67 180 x 3
My (2) +2Mp (2 +— )+ M, _
A(1>+ “3<1+1.51>Jr C<1.51> 6( 5 +6><1.5>

SM,; -+ 18Mp + 4Mc = —6(96.12 + 60)

Applying three moment theorem BCC'
As the end C is fixed imagine a span CC’ of zero length and C’ is simply supported

6 6 , 0 180 x 3
Ms <151> +2Me <1.51+°> +Me <74.513 =6 <6>< s +°)
AMp + 8M- = —360

Solving equations (i), (ii) and (iii)

M, =31.62 kNm.
Mp =37.4 kNm.
Mc =26.29 kNm.

Shear force and bending moment values for the spans AB and BC respectively.
Span AB

31.62 kNm l 60 kN 37.4 kNm
( 3m 2m )
A i } B
D
VAB VBA
FIG. 11.17d

SV =0, Vig+Vps=060

> Mp=0; 5V;—60(2)—31.62+37.4=0
Vig =22.84 kN
Vg4 =37.16 kN

Span BC
Mp =22.84(3) —31.62 =36.9 kNm

37.4 kKNm Y 10 kKN/m 26.29 kNm
B QWW ) C
6m
VBC VCB

FIG. 11.17e

593

(i)

(iii)

(M)
(i)
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NV =0; Vsc+Vep=060 (iii)
62
Y Mc=0; —37.4426.29+6V5c— 10 x - =0

Ve =31.85kN
Ve =28.15 kN

32
M =31.85(3) = 37.4 =10 x 2 = 13.15kNm

31.85
22.84

A D B C
37.16

28.15 kN
- 2.815—

FIG. 11.17f Shear force diagram

The location of zero shear in span CB is obtained by equating the shear force equation to zero as

(SF )y = 28.15— 10x = 0

x=2.815m
Mp =28.15(2.815) — 10(2.815)2/2 —26.29
= 13.2 kNm

FIG. 11.17g Bending moment diagram
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EXAMPLE 11.18: A continuous beam ABCD is of uniform section as shown in figure. £/ is constant.
Draw the SFD and BMD

10 kKN/m
K‘YVVWWV\//WY‘Y‘WWW\
{ 6 m A } A
A b B 6Fm C gm D
FIG. 11.18a
SOLUTION
The simple beam moments are
10 x 62
My = My = Mg = ———= — 45 kNm
45 45 45 kNm
A B c D

FIG. 11.18b Simple beam BMD

M, M,

C

B C

FIG. 11.18c Pure moment diagram

Considering spans ABC
2
A= 3 X 6 x 45 = 180 KNm*

X1 =3m

180x3 180x3
M+2M3(6+6)+6Mc=6( 5 + 3 )

24Mp + 6Mc = —6(90+90) = —1080 1
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Considering span BCD

180x3  180x3
6MB+2MC(6+6)+9M/——6< ¢ )

6Mp +24Mc = —1080 2)
Solving Equations (1) and (2)
MB = —36 kNm
MC = —36 kNm

Shear force and bending moment values in the spans ABC, BCD

Consider span AB
10 kN/m
/ 36 kNm
ALY Y Y Y Y Y Y Y Y Y Y Y Y Y VY YTV )B
4 6m }
VAB VBA
FIG. 11.18d
NV =0; Vig+Vss=06(10) =60 (i)
62
> Mg =0; 6VAB+36—10><?:0 (ii)
Vs =24 kN
Vs = 36 kN
Consider span BC
10 kKN/m
36 kNm v )3 6 KNm
YN Y Y Y Y Y Y Y Y Y Y YV Y Y YTV
Bt 6m S
VBC VCB
FIG. 11.18e
YV =0; Vsc+Vcg=60 (iii)
62
Y Mc=0; 6Vpc—36+36—10x — =0 (iv)

2
Ve =30kN, Vep =30kN
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Span CD
Q/WWWWWVVWVWVY\D
O} 6m }
VCD VDC
FIG. 11.18f
NV =0; Vep+Vpc=10x6=60 (v)
62
> Mp =0; 6¥ep =36 —10x = =0
Vep =36 kN
Vpe =24 kN
24 kN 30 kN 36 kN
+ + +
E F G
A _|B | _|p
| x, -] 3 m—s|
36 kN 30 kN 24 kN
|<— 6m —ple— 6m —ele—— 6m —>

|<— 2.4 —>|
FIG. 11.18g Shear force diagram

The location of zero shear is calculated as
24—10x; =0
x;=24m
Mg =24(2.4) —10(2.4)*/2 = 28.8 kNm
Mp =30(3) =36 —10x3%/2=9.0 kNm
Mg =24 (2.4)—10(2.4)*/2 = 28.8 kNm

FIG. 11.18h Bending moment diagram
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EXAMPLE 11.19: Analyse the continuous beam by three moment theorem. Also draw SFD and BMD

25 kN/m 50 kN/m 15 kN/
AT y
Y Y Y Y Y Y Y Y VN
AN 3Im | 28m } 4m
A E B F C G D
FIG. 11.19a
49
30
28.1
| | . : . | |
A E B F C G D
FIG. 11.19b Simply supported BMD
M, M,
A B C D
FIG. 11.19¢c Pure moment diagram
SOLUTION
Properties of the simple beam BMD

A4, :§><3><28.1:56.2kNm2 A2:§><2.8><49:91.47kNm2 Ay = 80 kNm?

)?1:1.5m )?2:1.4111 )?3:2m

11:3m 1222811’1 l3=4m

Applying three moment theorem for spans ABC
562x1.5 91.47x1.4
M)+2MB(3 +2.8)+2.8Mc=—6 < 3 3 )

11.6Mp +2.8Mc = —6(28.1+45.74)
11.6Mp +2.8Mc = —443

(M)
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Applying three moment theorem for spans BCD

91.47x 1.4 80x2
2.8Mp+2Mc(2.8+4) LA, = —6 ALIL AR
28 4
2.8Mp + 13.6M — —6 (45.74+40)

2.8Mp + 13.6Mc = —514.44 (ii)

Solving (i) and (ii)
Mg = —30.58 kNm, M = —31.53 kNm\

Free body diagrams of 4B, BC and CD
31.53 kNm 15 kN/m
/

25 kN/m 3058 kNm  20-38 kNm /50 KN/m  31.53 kNm
4.0 m

aaaaaaaW, { )
i A 2.8 m
VA 3m VB1 VBZ VCI VC 1 VD
FIG. 11.19d FIG. 11.19e FIG. 11.19f
Static equilibrium of spans AB, BC and CD
>V =0; SV =0; SV =0;
Vi+Ve =75 (1) Vg, + Ve, =140 (iii) Vo, +Vp =60 (v)
XMp=0; XM =0; XMp =0;
2

4
—31.53+4Ve, —15x — =0 (vi)

25
3VA+30.58—7 x32=0 (ii) | 31.53—30.58+2.8Vp >
2.82
Vy=27.3kN Vgr = 69.66 kN Ve, =151.53/4 = 37.88 kN
Vg = 47.7 kN Ve =70.34 kN Vp=22.12 kN
27.3 kN 69.66 kN 37.88 kN
+ + +
|<— X, —>| - x2—>| X —>| B
47.7 70.34 22.12 kN

FIG. 11.19g Shear force diagram
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The locations of shear forces in zones AB, BC and CD are
27.3—=25x; =0 69.66 —50x; =0 37.88—15x3=0
x|:1.09m XZ:1.39H’1 X3 =2.52m

My =27.3(1.09) — 25 x 1.092/2 = 14.9 kNm
M, = —30.58 +69.66(1.39) — 50 x 1.39%/2 = 17.94 kNm
M; = —31.53+37.88(2.52) — 15 x 2.52?/2 = 16.3 kNm

T 149 N\30S8KNm . 11793153 KNm /7y 34y T
w1/ s L No—FA~ T \ l 30 kKNm
}‘ 2.52m »‘
1.09 m 1.39m

FIG. 11.19h Bending moment diagram

EXAMPLE 11.20: Analyse the continuous beam by theorem of three moments and draw SFD and
BMD. El is constant.

10 kN 5 kN/m 15 kN
2m A, 3m 2m
s an & O
y E B F C G D
FIG. 11.20a
10 22.5 kNm
4 B C

FIG. 11.20b Simple beam BMD for span ABC
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22.5
18 kKNm

B C D

FIG. 11.20c Simple beam BMD for span BCD

M

C

FIG. 11.20d Pure moment diagram

SOLUTION
Referring to Fig. 11.20 b
Properties of simple beam BMD

1 2
A1:§><10><4:20kNm2 A2:§><6><22.5:90kNm2
X =2m X =3m
11:4m 122611’1

Applying three moment theorem for spans ABC,

202, 90x3

4 6
20Mp + 6Mc = —6(10 +45)
20My + 6Mc = —330

A+ 2M(4+6) + 6Me = —6 (

Referring to Fig. 11.20 ¢
Properties of simple beam BMD

2 1
A1:§><6><22.5:90kNm2 A2:§x5x18:45kNm2
542
X1 =3m )?2:%:2.33111

11:611’1 12:511’1

601

(M)
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Applying three moment theorem for spans BCD

Considering span BCD
90x3 45x2.33
6Ms +2Mc(6+5) +5Mp= —6 < s )
6Mp +22Mc = —6(45+20.97)
6Mp+22Mc = —395.82 (i1)
Solving (i) and (ii)
Mp =12.09 kNm.
Mc = 14.69 kNm.
Shear force and bending moment values for spans AB, BC and CD.
¢1O kN
12.09 kNm
2m 2m
A
) E [} ’)B
VAB VBA
FIG. 11.20e
SV =0; Vig+Vsgs=10 (1)
ZMB =0; 4V4;3+12.09—-10(2)=0 (ii)
Solving (i) and (ii)
Vg =198 kN
Ves = 8.02 kN
Mg =1.98(2) =3.96 kNm
Span BC
12.09 kNm 5 kN/m
/ )14.69 kNm
AA'AAAAAAAAAAAAAAAAAA
B4 om }7C
VBC CB
FIG. 11.20f
NV =0; Vsc+Veg=06(5)=30kN (iii)
5% 6
T My =0; 6Vic+14.69—12.09— =2 =0

Vac = 14.56 kKN
Vep = 15.44 kN
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The location of shear force is zero is found out as

14.56—5x =0
x=29lm
2
Hence Max +ve BM = 14.56(2.91) —12.09 —5x ~—— =9.11 kNm
Span CD
15 kN
14.69 kNm )
m
c{; L D

} !

VCD VCD
FIG. 11.20g

SV=0; Vep+Vpc=15 (iv)
Y Mp=0; 5Vep—14.69—15(2)=0
Vep = 8.94kN
Vpe = 6.06 kN
1.98 kN 14.56 kN 8.94 kN
+ h +
D
A E B C
6.06 kN
8.02 kN 14.69 kN

FIG. 11.20h Shear force diagram

12.09 kNm

FIG. 11.20i Bending moment diagram
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EXAMPLE 11.21: A continuous beam ABCD is simply supported at 4 and D. It is continuous over
supports B and C. AB = BC = CD =4 m. El is constant. It is subjected to uniformly distributed load of
8 kN/m over the span BC. Draw the shear force diagram and bending moment diagram.

8 kN/m
Y Y YT TY YT YT
T 4m T 4m T 4m !
A B E C D
FIG. 11.21a
SOLUTION
The simple beam moment
8 x 47
My =22 16 KkNm
16 kNm
f f f ; |
A B E C D
FIG. 11.21b Simple beam bending moment diagram
M, M,
| |
A B C D
FIG. 11.21¢c Pure moment diagram
Consider span ABC
Applying three moment theorem;
2 4x16x2
AMy+2Mp(4+4) +4Mc = —6 <O+ 3 X 4)
16Mp +4Mc = —128 (1)

Consider span BCD
2 4x16x2
4MB+2MC(4+4)—|—A«1\77D: —6 <3 X — —|—O>

4Mg +16Mc = —128 (ii)
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Solving (i) and (ii)

MB = —6.4 kNm
MC = —6.4kNm

Shear force and bending moment values of spans AB, BC and CD
span AB

FIG. 11.21d

V=0, Vig+Vss=0
ZMB =0, 4V;p+64=0

Vip=—1.6kN
VBA - +16kN

span BC

6.4 kKNm 8 kKN/m 6.4 kKNm

FIG. 11.21e

NV =0, Vsc+Vep=28(4)=32

8x4%

Y Mc=0; —6.4+6.4+4V5— 0

Ve =16 kN
Vep = 16 kN

span CD

CT 4m
v

CcD CD

~ —

FIG. 11.21f

605

(1)
(i)

(iii)
(iv)
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ZVZO; Vep+Vpe =0 )
Y Mp=0; —64+4Vep=0 (vi)
Vep = 1.6 kN
Vpe =—1.6 kN
16 kN
1.6 kN
+ +
B
A - ~|c D
-1.6
16 kN

FIG. 11.21g Shear force diagram

16 kNm

FIG. 11.21h Bending moment diagram

EXAMPLE 11.22: Analyse the beam shown in figure by SFD and BMD. El is constant.

10 KN/m
i
Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y
f N . i } }
A B C 6m p M g
FIG. 11.22a
45 45
A B C D E

FIG. 11.22b Simple beam BMD
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M, M, M,
A B C D E

FIG. 11.22c Pure moment diagram
Properties of simple beam BMD

2 2
A1:§><6><45:180 A2:§><6><45:180KNm2

X1 =3m X, =3m
[, =6m L=6m
Applying 3 moment theorem for the spans ABC
180 x 3
MA+2MB(6+6)+6MCZ —6 <0+ ¢ >

24Mp + 6Mc = —540
Applying 3 moment theorem for the spans BCD

180x3  180x3
6M3+2MC(6+6)+6MD:—6< . X)

6
6Mj + 24Mc + 6M) = —6(180) = —1080
Mg +4Mc +Mp = —180

Applying 3 moment theorem for spans CDE

180 x 3
6Mc+2MD(6+6)+6ME=—6< 6X +0>

6Mc +24Mp = —540

solving equations (i), (ii) and (iii)

Mg = —12.86 kNm.
M = —38.57 kNm.
Mp = —12.86 kNm.

Free body diagram of AB, BC, CD and DE
span AB

3)12.86 kNm
} 6m }

AB BA

FIG. 11.22d

607

(M)

(i)

(iii)
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ZVZO; Vap+Vea=0

> Mp=0; 6Viz+12.86=0

Vg =—2.14kN
span BC
o M%%W o
B<** *)C
v 6m v
BC CB
FIG. 11.22¢
MV =0, Vac+Veg=60
10 x 6
Y Me=0; —12.86+38.57+6Vpc — ——— =0
Vac = 25.72 kN
Vep = 34.28 kN
span CD
38MW6 o
C<*’ ’)D
14 6m v
CD DC
FIG. 11.22f
NV =0; Vep+Vpc=6(10) =60kN
62
Y Mp=0; 12.86—38.57+6Vcp—10x 5 =0
Vep = 34.28 kN
Vpe = 25.72kN
span DE
12<;86 kNm
! }
v 6m v

DE

FIG. 11.22¢g

ED

(1)
(i)

(iif)
(iv)

™)
(vi)
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SOLUTION

My =—20(1) = —20 KNm

The simple beam moments are

20 x 42
= ; — 40 kKNm
4
Mg = 60: — 60 kKNm
40 KNm 60 kKNm
B C F D G E

FIG. 11.23b (b) Simple beam BMD
M

D

M

C

20

B C D E

FIG. 11.23¢c (c) Pure moment diagram

Apply 3 moment theorem for the spans BCD

2 2
—20(3) +2Mc(3+4) + Mp(4) = —6 <o+ 3 X 4x40x 4>
—60+ 14Mc +4Mp = —320
14Mc + 4M) = —260

Apply 3 moment theorem for the spans CDE

3
4Mc+16Mp = —6(53.33+60) = —680

2 2 1 2
Mc(4) 4+ 2Mp(4+4) + 4= —6 ( X4 x40 % 7+ 5 x4x60x 4>

Solving (i) and (ii)

Mc = —6.92 kNm
Mp = —40.77 kNm

(M)

(i)
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d4 Oc
+6E] (Ll + L2>

A1x; =960

2
A2X2:§><6><180><3:2160

21 24 12
Substituting, My x 4 +2Mp(4+6) = —6 [960 + 60] +6E1( 0 + 0 )

4 6 ElIx4 FEIx6
AMy+20Mp = —3120 — My+5Mp=—780 2)
. My = —163.33 kNm .
Solving (1) and (2), Mg = —123.33 kKNm } hogging BM.
240 kN 40 kN/m
163.33 kNm l 123.33 kNm
2m 2m Y Y Y Y Y Y Y Y Y Y YV Y
4G JB B om )
! P ‘]
130 kN 110 kN 140.56 kN 94.44 kN
FIG. 11.25d Free body diagram of spans AB and BC
130 kKN 140.56
A B C
94.44

110

FIG. 11.25e Shear force diagram

240

163.33 kNm + 12333 -ll

FIG. 11.25f Bending moment diagram
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\100 kN 30 kN/m
3 4m Y Y Y Y Y Y Y
§A 8 m T 6m T
B c
QSED @

Ans:
R, =45kN, Rp=1655kN, R = 69.5kN

(11.3) A continuous beam of uniform section ABCD is supported and loaded as shown in figure.
If the support B sinks by 10 mm, determine the resultants and moments at the supports.

Assume E = 2(10) N/mm?; I = 6(10)7 mm*

10 kN/ A0IN

m
A 3m )20 KNm
At 4m \B 6 m C Im

D
Ans:

Vig=+16.5kN, Vgi=+23.5, Vec=+19, Veg=+21.0
Mp = —14kNm

(11.4) Determine the reactions at 4, B and C of the continuous beam shown in figure.

‘SkN 3 kN/m
I I'm 3m e
0 B ¢

Ans:

Vg =6.75kN, Vpy=1.25 Vpc=0631; Veg=28.69
MA =-331 kNIIl, MB = —3.87, MCB = —|—744
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(11.5) Analyse the continuous beam shown in Figure and determine the reactions

80 kN
40 kN
2 1 m l 2m Nwwvwm 2ml 2m
i 4m 4m T 4m E
@ 5 @ ¢ ® b

Ans:

Vip = 41.68KkN, Vgs =38.32, Vg = 102.88, Vep = 97.12
Vep =28.03,  Vpe=11.97, M, = —17.98 kNm,
My =—52.93, Mc=—41.42, Mp = —9.29 kNm

(11.6) Analyse three span continuous beam by three moment theorems. Draw the BMD and shear
force diagram. Determine the end moments and reactions £/ is constant.

e AL, 2m
3 4 A 4

A 6 m B 6 m C 4m D

Ans:

(i) Ry =7539kN,  Rpy=127.59kN, Rc=97.85kN, Rp=099.17kN
M, =—7578kNm, Mjp=—73.44kNm, Mc=—5555kNm, M, =—55.2kNm.

(11.7) Analyse and draw BMD and SFD for the beam shown in Figure. The values of second moment
area of each span are indicated along the members. Modulus of elasticity is constant.

100 kN
] 2~5ml 2.5m vawm'zs mlgg-l;Nm l4(;-l§§m
S PRl S

Ans:

My =—-56.02kNm, Mp=—-7547kNm, Mc=-943kNm, Mp=0
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(11.11) Determine the reactions and the support moment at B. Using Clapeyron’s three moment theo-

rem.
10 kN
2m \ 2m 3\0kN/m
5 5om b
A B C
Ans:

V,=481kN, V3=031, Ve=488kN, Mz=—0.72kNm

(11.12) Analyse the continuous beam by three moment theorem, determine the support moments. No

loads on span AB.
0.5 kN T 2.5kN
3 o | i |
S S
4 @ B @® C ®
Ans:

My =—-1.09kNm, Mp=-2.188kNm, Mc=—7.5kNm





