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! Force Method of Analysis: Beams
! Maxwell�s Theorem of Reciprocal Displacements;

Betti�s Law
! Force Method of Analysis: Frames
! Force Method of Analysis: Trusses
! Force Method of Analysis: General
! Composite Structures

ANALYSIS OF STATICALLY INDETERMINATE
STRUCTURES BY THE FORCE METHOD
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+
=P

A C B

+

P =

P

A C B

L

Force Method of Analysis : Beams

� Compatibility of displacement

∆´2

1

f22

∆´2 +  f22 R2 = ∆2  = 0

2R×

θ ´1

1 α11

θ ´1  + α11M1 = θ 1 =  0

R2
R1

M1

1M×

 1 Degree of freedom

21

α11

1M×

θ ´1

f22 2R×

∆´2

L

P

A C B

� Compatibility of slope

21

R2
R1

M1
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x R1

x R2

A D

+

A D

+

A B C

P

D

A B C

P

D

2 Degree of freedom
1 2

∆´2 + f21 R1 + f22 R2 = ∆2    =  0

∆´1 + f11 R1 + f12 R2 = ∆1  = 0

∆´1
∆´2

1

f11

f21

x R1

f12

f22
x R2

1

∆´1

f11 x R1

f12

x R2

∆´2

f21

f22

R1 R2 Dy
Ay

Ax
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A B

m1

m2

1

f12

1

f21f11

f22

Maxwell�s Theorem of Reciprocal Displacements; Betti�s Law

1 2

A B

∫∫ ==•
LL

dx
EI

mmdx
EI
Mmf 1212

211

∫=
L

dx
EI

mmf 12
21

f21
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A B

1 2

A B

m2

1

m1

f12

f22

f11
f21

1

∫∫ ==•
LL

dx
EI
mmdx

EI
Mmf 2121

121

Maxwell�s Theorem:

jiij ff =

1221 ff =

∫=
L

dx
EI
mmf 21

12

f12 ∫=
L

dx
EI

mmf 12
21
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A B
1

m2

f12

f22

1 2

A B
1

m1

f21f11

∫∫ ==•
LL

dx
EI
mmdx

EI
Mmf 1111

111

∫∫ ==•
LL

dx
EI
mmdx

EI
Mmf 2222

221

In general,

∫==•
L

ji
ij dx

EI
mm

ff1

∫==•
L

ij
jiji dx

EI
mm

ff1

f11,  f22
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A D

P1

d21 = f21 P1d11 = f11 P1

P2

d12 = f12 P2 d22 = f22 P2

A D

1 2
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f12 f22

f11 f21

∆´1 ∆´2

+
+

w

=

Force Method of Analysis: General

∆´1

∆´2

=
∆1

∆2

Compatibility Eq.

∆´1 + f11R1 + f12R2  = ∆1 = 0

General form:

f11

f21

fn1

f12

f22

fn2

...

f1n
f2n

fnn

R1

R2

Rn

... = -

∆´1

∆´2

∆´n

...

f11 f12

f12 f22

R1

R2

∆´1

∆´2

= -

∆´2 + f21R1 + f22R2  = ∆2 = 0

∆´1 ∆´2

xR1
f11 f21

1

xR2

f12 f22

1

xR1

xR2

xR1

xR2

+
f11 f12

f12 f22

R1

R2

0

0

1 w 2
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Example 9-1

Determine the reaction at all supports and the displacement at C.

A
BC

50 kN

6 m 6 m
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x RBfBB

+

50 kN

=

A
B

C

50 kN

6 m 6 m

SOLUTION

x RB

∆´B

fBB

RB

MA

RA

∆´B

Use compatibility of displacement for find reaction

0' =+∆ BBBB Rf -----(1)Compatibility equation : 

� Principle of superposition

1
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6 m 6 mA BC

50 kN

θ´C

∆´C

6θ´C ∆´B

∆´B = ∆´C+ (6 m)θ´C

EI
P

EI
P

B 2
)6()6(

3
)6('

23

+=∆ ↓=+= ,9000
2

)6)(50()6(
3

)6(50 23

EIEIEI

↑=== ,576
3

)12)(1(
3

33

EIEIEI
PLfBB

� Use formulation for ∆´B and fBB

1

A
B

C
fBB
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6 m 6 m

A
B

C

50 kN

RB  =  15.63 kN,

0)576(9000: =+−↑+ BR
EIEI

15.63 kNRA

MA

Equilibrium equation :

+ ΣMA = 0: ,0)12(63.15)6(50 =+−AM

ΣFy = 0:+ ,063.1550 =+−+ AR Ra = 34.37 kN,

MA = 112.4 kN, +

↓=∆ ,9000'
EIB

↑= ,576
EI

fBB

� Substitute  ∆´B and fBB in Eq. (1): 0' =+∆ BBBB Rf
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6 m 6 m

A
B

C

50 kN

15.63 kN

M 
(kN�m) x (m)

3.28 6 12

93.78

-112.44

V
(kN) x (m)

112.4 kN�m

34.37 kN

34.37

-15.63 -15.63

� Quantitative shear and bending diagram and qualitative deflected curve
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θ ´A

fAA

+

A
BC

=

A
BC

50 kN

A
BC

50 kN

6 m 6 m

RB

MA

RA

θ ´A

fAA

x MA

Or use compatibility of slope to obtain reaction

x MA

Compatibility equation :

0' ==+ AAAAA Mf θθ -----(2)

� Principle of superposition

1
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16

)12)(50(3
16

3
==

PLM A = 112.5 kN�m, +

� Use the table on the inside front cover for θ´B and fBB

A
BC

50 kN

θ ´Aθ ´A

A
BC

1 fAAfAA

0
316

2

=+− AM
EI
L

EI
PL

+ :

0' ==+ AAAAA Mf θθSubstitute the values in equation:

EI
PL

A 16
'

2

=θ

EI
LfCC 3

=
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A
BC

50 kN

6 m 6 m

M1 = (12RB - 300) + (50 - RB)x1

M
diagram

x (m)

Or use Castigliano least work method

50 - RB = 

12RB - 300 = 

RB

MA

RA

x1 x2

12RB - 300 M2 = RBx2

∫ ∂
∂

==∆
L

B
B dx

EI
M

R
M

0

)(0

∫∫ +−+−−=
6

0
222

6

0
1111 )(1)5030012)(12(10 dxxRx

EI
dxxRxRx

EI BBB

RB =15.63  kN,

6

0

6

0 3
)

33
50

2
24

2
9003600144(0

3
2

3
1

3
1

2
1

2
1

11 BBBB RxRxxRxxxxR ++−−+−=
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Conjugate Beam

6 m 6 m

A
B

C

50 kN

93.6/EI

-112/EI 223/(EI)

Use conjugate beam for find the displacement

M 
(kN�m) x (m)

3.28 6 12

93.6

-112

112 kN�m

34.4 kN
15.6 kN

EIEIEI
M C

776)6(223)2(281' −=−=

↓−==∆ ,776'
EI

M CC

Real Beam

4 m2 m

M´C

V´C 223/(EI)

281/(EI)

C∆
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6 m 6 m

A
B

C

50 kN
Use double integration to obtain the displacement

M 
(kN�m) x (m)

3.28 6 12

93.6

-112

112 kN�m

34.4 kN
15.6 kN

12

2

4.34112 x
dx
dEI +−=

υ

Real Beam

C∆

1

2
1

1 2
4.34112 Cxx

dx
dEI ++−=
υ

211

3
1

2
1

6
4.34

2
4.112 CxCxxEI +++−=υ

↓−=+++−=∆ ,778)00)
6
6(4.34)

2
6(112(1 32

EIEIC
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Example 9-2

Draw the quantitative Shear and moment diagram and the qualitative deflected
curve for the beam shown below.The support at B settles 5 mm.
Take E = 200 GPa, I = 60(106) mm4.

16 kN

2 m 2 m 4 m
∆B = 5 mm

A
B C
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∆´B

fBB

16 kN

SOLUTION Use compatibility of displacement to obain reaction

2 m 2 m 4 m
∆B = 5 mm

� Principle of superposition

∆´B

1 kN

fBB

BR×

Compatibility equation :

BBBBB Rfm +∆=−=∆ '005.0 -----(1)

∆B = 5 mm

BR×
=

+

A
B C

16 kN
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16 kN

∆´B

Real
 beam

A B C

� Use conjugate beam method for ∆´B 

2 m 2 m 4 m12 kN

M´
diagram

16

Conjugate
beam

EI
24

EI
24

EI
72

3
4

3
2

2 m 4 m

24

EI
40

EI
56

4 kN

0)4(40)
3
4(32'' =−+−

EIEI
M B

EI
16

EI
32

EI
40

V´´B

M´´B

3
4 4

3
2

+ ΣMB = 0:

↓−==∆ ,33.117'''
EI

M BB
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Real
 beam

1 kN

fBB

4 m 4 m

A
B

C

� Use conjugate beam method for  fBB

0.5 kN 0.5 kN

m´
diagram

-2
Conjugate

beam

EI
2

−EI
4

−
EI
4

− EI
4

EI
4

vB´B

m´´B

EI
4

− EI
4

3
4 4

3
2

0)4(4)
3
4(4'' =+−−

EIEI
mB

+ ΣMB = 0:

↑== ,67.10''
EI

mf BBB
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� Substitute  ∆´B and fBB in  Eq. (1):

BR
EIEI

67.1033.117005.0: +−=−↑+

BREI 67.1033.117)005.0( +−=−

RB = 5.37 kN,

BR67.1033.117)60200)(005.0( +−=×−

xRB = 5.37 

16 kN

4 kN12 kN
1 kN

+
0.5 kN 0.5 kN

=
16 kN

A
B C

5.37 kN= 9.31 kN = 1.32 kNRC
RA

BBBBB Rfm +∆=−=∆ '005.0

↓−==∆ ,33.117'''
EI

M BB

↑== ,67.10''
EI

mf BBB
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16 kN

A
B C

2 m 2 m 4 m

∆B = 5 mm

� Quantitative shear and bending diagram and qualitative deflected curve

5.37 kN= 9.31 kN = 1.32 kN

V
diagram

9.31

-6.69
-1.32

M
diagram

18.62
5.24

Deflected
Curve ∆B = 5 mm

RC
RA
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16 kN

2 m 2 m 4 m

Or use Castigliano least work method

0.5RB0.5RB

16 kN =

RB

+

RCRBRA = 4 - 0.5RB= 12 - 0.5RB

� Principle of superposition

412
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16 kN

2 m 2 m 4 m

x1 x2 x3

RCRBRA = 4 - 0.5RB= 12 - 0.5RB

12 - 0.5RB

x1

V1

M1
= (12 - 0.5RB)x1

4 - 0.5RBRB

V2

M2

4 mx2

= 0.5x2RB + 16 - 2RB + 4 x2

(4 - 0.5RB)x3 = 

∫ ∂
∂

=−=∆
L

i

B

i
B dx

EI
M

R
M

0

)(005.0

∫ −−=−
2

0
1111 )5.012)(5.0(1005.0 dxRxxx

EI B ∫ +−+−+
2

0
2222 )42165.0)(25.0(1 dxxRRxx

EI BB

∫ −−+
4

0
3333 )5.04)(5.0(1 dxRxxx

EI B

,66.1034.117005.0 BREI +−=− RB = 5.38 kN,

4 - 0.5RB

V3

M3

x3
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Example 9-3

Draw the quantitative Shear and moment diagram and the qualitative deflected
curve for the beam shown below.EI is constant. Neglect the effects of axial load.

A B
4 m4 m

5 kN/m
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αAB αBB

αBAαAA

θ´Bθ´A

1 kN�m

1 kN�m

5 kN/m

SOLUTION Use compatibility of displacement to obtain reaction

� Principle of superposition

A B
4 m4 m

5 kN/m

θ´A θ´B

=
+

αAA αBA

AM×

αBB

BM×
αAB

+

Compatibility equation :
BABAAAAA MM ααθθ ++== '0 -----(1)

BBBABABB MM ααθθ ++== '0 -----(2)

θA=0 θB=0

AM×

BM×

AM×

BM×
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5 kN/m

� Use formulation:  θ´A, θ´B, αAA, αBA, αBB, αAB,

θ´A θ´B

Note : Maxwell�s theorem of reciprocal displacement is αAB = αBA

1 kN�m

αAA αBA

1 kN�m

αBB
αAB

EIEIEI
wL

A
60

128
)8)(5(3

128
3'

33

===θ

EIEIEI
wL

B
67.46

384
)8)(5(7

384
7'

33

===θ

EIEIEI
LM o

AA
67.2

3
)8(1

3
===α

EIEIEI
LM o

BA
33.1

6
)8(1

6
===α

EIEIEI
LM o

BB
67.2

3
)8(1

3
===α

EIEIEI
LM o

AB
33.1

6
)8(1

6
===α
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BA M
EI

M
EIEI

)67.2()33.1(67.460 ++=

� Substitute  θ´A, θ´B, αAA, αBA, αBB, αAB, in Eq. (1) and (2)

Solving these equations simultaneously, we haave

MA = -18.31 kN�m, +

MB = -8.36 kN�m, +

+

+

EIA
60' =θ

-----(1)BABAAAAA MM ααθθ ++== '0

BBBABABB MM ααθθ ++== '0 -----(2)

A B
4 m4 m

5 kN/m

=

θA=0 θB=0 EIAA
67.2

=α

EIAB
33.1

=α

EIB
67.46' =θ

EIBA
33.1

=α

EIBB
67.2

=α
BA M

EI
M

EIEI
)33.1()67.2(600 ++=
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MA = -18.31 kN�m, +

MB = -8.36 kN�m, +

A B
4 m4 m

5 kN/m

18.31 kN�m 8.36 kN�m

RBRA

+ ΣMA = 0: RB = 3.76 kN,

ΣFy = 0:+ Ra = 16.24 kN,
3.76

,036.8)8()2(2031.18 =−+− BR

,020 =+−+ BA RR
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A B
4 m4 m

5 kN/m

18.31 kN�m 8.36 kN�m

3.76 kN16.24 kN

V
diagram

M
diagram

Deflected
Curve

-3.76

16.24

3.25 m

-18.31

6.67

-8.36

8.08

� Quantitative shear and bending diagram and qualitative deflected curve
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w +

A

B C

w

� Principle of superposition

∆´CH

fCC xC×

1 kN

Compatibility equation :

xCCCHCH Cf+∆==∆ '0

Ax

Ay

Cx

Cy

∆´CH

fCC xC×

=

Force Method of Analysis : Frames
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Example 9-4

Draw the quantitative Shear and moment diagram and the qualitative deflected
curve for the Frame shown below.EI is constant.

A

B C

2 
kN

/m

6 m

6 m
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+2 
kN

/m
A

B C

2 
kN

/m

6 m

6 m

SOLUTION Use compatibility of displacement to obtain reaction

� Principle of superposition

∆´CH

fCC xC×

1 kN

Compatibility equation :

xCCCHCH Cf+∆==∆ '0 -----(1)

∆´CH

fCC xC×

=

Cx

Cy

Ax

Ay
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2 
kN

/m

12 kN

3 m

3 m

2 
kN

/m

∆´CH
6 m

6 m

A

B C

� Use Castigliano�s method for ∆´CH 

P

6 + P

x2

x1

∫ ∂
∂

=∆
L

ii
CH dx

EI
M

P
M

0

')'(' 222

6

0
21

2
111

6

0
1 )6()(1)12()(1 dxPxxx

EI
dxxPxxx

EI
++−+= ∫∫

∫∫ +−=
6

0
2

2
2

6

0
1

3
1

2
1 )6(1)12(1 dxx

EI
dxxx

EI

→=+−= ,972)
3

6(1)
43

12(1 6

0

6

0

3
2

4
1

3
1

EI
x

EI
xx

EI

0 0

P

6 + P

x2V´2

M´2= (6 + P)x2

= (12 + P)x1- x1
2

Cy

Ax

Ay

-12 - P

-6 - P

-6 - P

-12 - P
x12x1

V´1

M´1
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A

B C

fCC

1 kN
6 m

6 m

� Use Castigliano�s method for  fCC 

P

 -P

P

x2

x1

P

 P

x2v´2

m´2 =  x2P

= x1P

∫ ∂
∂

=
L

ii
CC dx

EI
m

P
mf

0

')'( 22

6

0
211

6

0
1 )()(1)()(1 dxPxx

EI
dxPxx

EI ∫∫ +=

→=+= ,144)
3

(1)
3

(1 6

0

6

0

3
2

3
1

EI
x

EI
x

EI

1 1

Cy

Ax

Ay

 -P

-P

- P
x1

v´1

m´1
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� Substitute  ∆´CH  and  fCC in  Eq. (1)

Cx = -6.75 kN,

kNCx 75.6−=×2 
kN

/m

12 kN

6 kN

6 kN

+

1 kN

1 kN

1 kN

1 kN
A

B C

2 
kN

/m

=
0.75 kN

5.25 kN

0.75 kN

6.75 kN

xCCCHCH Cf+∆==∆ '0 -----(1)

xC
EIEI

1449720 +=+ :
→= ,144

EI
fcc

→=∆ ,972
EICH
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A

B C
2 

kN
/m

6 m

6 m

Or use Castigliano least work method:

Cx

6 - Cx

12 - Cx

6 - Cx

= (6-Cx)x2

= (12 - Cx)x1- x1
2

Cx

6 - Cx

x2V2

M2

6 - Cx

12 - Cx

x12x1

V1

M1

0)(
0

=∆=
∂
∂

=
∂
∂

∫ CH

L
i

x

i

x

i dx
EI
M

C
M

C
U

∫∫ −−+−−−=
6

0
2222

6

0
1

2
1111 )6)((1)12)((10 dxxCxx

EI
dxxxCxx

EI xx

Cx = 6.75  kN,

6

0

6

0 33
6()

433
12(0

3
2

3
2

4
1

3
1

3
1 xCxxxCx xx +−+++−=

0 = -972 + 144Cx ,

x2

x1
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A

B C

V, (kN)

A

B C

M, (kN�m)

A

B C

Deflected curve

� Quantitative shear and bending diagram and qualitative deflected curve

2.63 m

-4.5
1.33 m

5.25

- 6.75
- 0.75 - 0.75

6.90

-4.5

A

B C
2 

kN
/m

6 m

6 m

5.25 kN

0.75 kN

 6.75 kN

0.75 kN



41∆´C fCC

Force Method of Analysis : Truss (Externally indeterminate)

∆´C fCC

1
x Cxx Cx

A
B C

DE

P

A
B C

DE

P

=

A
B

C

DE

+

0' =∆=+∆ CHxCCCH CfAx

Ay

Cx

Cy
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A

C
D

B

+

P

A

C
D

B

1

1 2

3

4

5

6

xF6

∆´6

f66
∆´6

f66

xF6

P

A

C
D

B

=

Truss (Internally indeterminate)

0' 66666 =∆=+∆ Ff
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Example 9-5

Determine the reaction at support A, C,  E  and all the member forces. Take       E
= 200 GPa and A  =  500. mm2 .

A

40 kN

5 m 5 m
B C

D

E

4 m
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∆´C

+

40 kN

A

40 kN

5 m 5 m
B C

D

E

4 m

SOLUTION

� Principle of superposition

fCC

yC×

=
yC×

fCC

1 kN

Ax

Ay

RE

RC

Use compatibility of displacement to obtain reaction

Compatibility equation : CCCCC Rf+∆==∆ '0 -----(1)

∆´C
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A B C

D

E

1 kN
n´i (kN)

40 kN

5 m 5 m

A B
C

D

E
5.39 m

5.39 m

N ´i (kN)

4 m

� Use unit load method for ∆´C and fcc

Σ ni´n´iLi

AiEi

fCC   =

=
2(-2.69)2(5.385)

(200x106)(500x10-6)

+
2(2.5)2(5)

(200x106)(500x10-6)

=
(53.85)(-2.69)(5.38)

(200x106)(500x10-6)

Σ n´iN´iLi

AiEi

∆´C  =

=- 7.81 mm,

= 1.41 mm,

∆´C0

0

0

0

+53.85

-53.8520 kN

50 

20

50

53.85

0
0

53.85

0

+2.5

-2.69

+2.5

-2.692.5 

1

2.5

fCC
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xRC  =  5.54 kN

A

40 kN

B
C

D

E

N ´i (kN)
0

0

0

0

+53.85

-53.8520 kN

50 

20
53.85

50

=
40 kN

A B
C

D

E

5.54 kN

36.15 kN
20 kN

21.8o

38.93 kN 14.46 kN

36.15 kN

+13.85

-14.90

+13.85

+38.95

-53.85
0

N i (kN)

A B

C

D

E

1 kNn´i (kN)

0
0

53.85

0

+2.5

-2.69

+2.5

-2.692.5 

1

2.5

+

� Substitute  ∆´Cv and fCC in  Eq. (1): CCCCC Rf+∆==∆ '0

041.181.7: =+−↑+ CR

↑= ,54.5 kNRC

↑= ,41.1 mmfCC

↓=∆ ,81.7' mmC
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40 kN

  A B
C

D

E

21.8o

Or use Castigliano least work method:

4 m

Castigliano�s Theorem of  Least Work :

Ax = -2.5RC +50 = Ax

Ay = 20 RC

-2.7 RC + 53.85 = RE

 0

-2.7 R
C  + 53.85

-2.7 R
C

2.5RC2.5RC

-53.85

∑ ∂
∂

==∆
AE

LN
R
N ii

C

i
CV )(0

)]]5)(5.2)(5.2[(200)39.5)(7.2)(7.2()39.5)(85.537.2)(7.2[(10 CCC RRR
AE

+++−−++−−=

5 m 5 m

5.39 m

5.39 m

CCC RRR 5.623.3968.7833.390 ++−=

RC  =  5.55 kN,
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Example 9-6

Determine the force in all member of the truss shown :
(a) If the horizontal force P = 6 kN is applied at joint C.
(b) If the turnbuckle on member AC is used to shorten the member by

            1 mm.
(c) If (a) and (b) are both accounted.

Each bar has a cross-sectional area of 500 mm2 and E = 200 GPa.

A B

CD

3 m

2 m
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A B

C
D 6 kN

3 m

2 m

SOLUTION

� Principle of superposition

2

1

3 4
5

6

=

Compatibility equation : ∆´6 + f66 F6 =  0 ----------(1)

f66 ×F6

Part (a) : If the horizontal force P = 6 kN is applied at joint C.

+
A

CD

B

1 
1 

E´

E

∆´6

E´E

6 kN

2 m

3 m

A B

CD

LCEAENote =+ ':
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∆´6

E´E

6 kN

N ´i (kN)

2 m

3 m

A B

CD

n´i (kN)

A

CD

B

1 
1 

� Use unit load method for ∆´6 and f66

6

4
4

∑=∆
ii

iii

EA
LNn '''6

)]98.14(203.2644.4[1
−−−=

AE

AE
43.60−

=

∑=
ii

ii

EA
Lnf

2

66
'

AEAE
61.12)]61.3(2)08.2(2)616.0(2[1

=++=

-0.832

-0.832

-0.555 1 -0.555

0

0
0 Li (m)

3

3

2 3.61 2
3.6

1

n´iN ´iLi (kN2�m)

-14.98

-14.98

-4.44 -26.03
0

0

n´i
2Li (kN2�m)

2.08

2.08

0.616 3.61 0.616
3.6

1

+6

+6

+4
-7.21

0
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� Substitute  ∆´6 and f66 in  Eq. (1)

0)(61.1243.60
6 =+− F

AEAE
F6 = 4.80 kN, (T)

x F6 = 4.80 kN

-0.832

-0.832

-0.555 1 -0.555

n´i (kN)

A

CD

B

1 
1 

+
0

0
0

A B

C
D 6 kN

Ni (kN)

=

+2

+2

+1.34 -2.41
-2.66

+4.8
0

6

4
4

∆´6

E´E

6 kN

N ´i (kN)

2 m

3 m

+6

+6

+4
-7.21

0

6

4
4
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Part (b) : If the turnbuckle on member AC is used to shorten the member by 1 mm.

)200)(500(
61.1261.12

66 ==
AE

f = 1.26(10-4) m = 0.126 mm

kNkN
mm

mmF 94.7)1(
126.0
1

6 ==

x F6 = 7.94 kN-0.832

-0.832

-0.555 1 -0.555

n´i (kN)

A

CD

B

1 
1 

0

0
0

= B

C
D

Ni (kN)A

-6.61

-6.61

-4.41 7.94 -4.41
+7.9

4

6

4
4
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Part (c) : If the horizontal force P = 6 kN is applied at joint C and the turnbuckle 
on member AC is used to shorten the member by 1 mm are both accounted.

A B

C
D 6 kN

(Ni)load (kN)

+2

+2

+1.34 -2.41
-2.66

+4.8
0

4
4

6

+

B

C
D

(Ni)short (kN)A

-6.61

-6.61

-4.41 7.94 -4.41
+7.9

4

0

0
0

=

A
B

C
D 6 kN

(Ni)total (kN)

6

4
4

-4.61

-4.61

-3.07 5.53 -7.07
12

.74
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x F6 = 12.72 kN

∆´6 + f66 F6 = ∆´6  = 0.001

001.0)(61.1243.60
6 =+− F

AEAE

61.12
43.60)200)(500(001.0

61.12
43.60001.0

6
+

=
+

=
AEF = 12.72 kN, (T)

Or use compatibility equation :

6 kN

∆´6

+6

+6

+4 -7.21
0

N ´i (kN) 4

6

4

-0.832

-0.832

-0.555

1

-0.555

n´i (kN)

A

CD

B

1 
1 

0

+ f66

0
0=

A
B

C
D 6 kN

(Ni)total (kN)

6

4
4

-4.58

-4.58

-3.06 5.51 -7.06
12

.72
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Example 9-7

Find all reaction and the tensile force in the steel support cable. Consider both
bending and axial deformation.

Composite Structures

5 kN
Ab = 0.06 m2 
Ib  = 5(10-4) m4

Eb = 9.65(103) kN/m2 

Steel cable
Ac = 2(10-4) m2

Ec = 200(103) kN/m2

6 m

2 m

A
B

C
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5 kN

2 m
A

B

C
6.32 m

SOLUTION

∫∫∫ +−−+−=
32.6

0

6

0

6

0

))(1(1)949.0)(949.0(1)5316.0)(316.0(10 dxT
EA

dxT
EA

dxxxTx
IE ccbbbb

32.6

0

6

0

6

0
)(1)949.0(1]

3
)5316.0()

3
316.0[(10 2

332

xT
EA

xT
EA

xTx
IE ccbbbb

++
×

−=

0 = (1.49T - 23.58) + 9.33(10-3)T + 0.158T ; T = 14.23 kN, (tension)   #

By

Bx
MB

5 kN

T

V

N
M

By Castigliano�s Theorem of  Least Work ;

)(0 inibC UU
T

+
∂
∂

==∆

∫ ∫ ∂
∂

+
∂
∂

==∆
L L

C dx
AE
N

T
Ndx

EI
M

T
M

0 0

)()(0

x
6 m

= 0.316Tx - 5x
= -0.949T

0.316T

0.949T

RC = T 

18.43o
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5 kN

2 m
A

B

C
6.32 m

By

Bx
MB

x
6 m

RC = T = 14.23 kN 

18.43o

ΣFx = 0: Bx = Rc cos θ = 13.5 kN,+

ΣFy = 0: By = 5 - Rc sin θ = 0.5 kN,+

+ ΣMB = 0: MB = 13.5(2) - 5(6) = -3 kN�m, +

13.5 kN

4.5 kN


