Chapter (3)

SLOPE DEFLECTION METHOD
3.1 Introduction:-

The methods of three moment equation, and consistent
deformation method are represent the FORCE METHOD of
structural analysis, The slope deflection method use displace-
ments as unknowns, hence this method is the displacement

method.

In this method, if the slopes at the ends and the relative
displacement of the ends are known, the end moment can be
found in terms of slopes, deflection, stiffness and length of the

members.

In- the slope-deflection method the rotations of the joints
are treated as unknowns. For any one member bounded by two
joints the end moments can be expressed in terms of rotations.
In this method all joints are considered rigid; i.e the angle
between members at the joints are considered not-to change in

value as loads are applied, as shown in fig 1.
joint conditions:-  to get 6g & ¢
MBA+MBC+MBD=O ............. (1)

MCB+MCE =0 ( 2 )
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3.2 ASSUMPTIONS IN THE SLOPE DEFLECTION METHOD
This method is based on the following simplified

assumptions.

1- All the joints of the frame are rigid, i.e, the angle between
the members at the joints do not change, when the
members of frame are loaded.

2- Distortion, due to axial and shear stresses, being very
small, are neglected.

3.2.1 Deqgree of freedom:-

The number of joints rotation and independent joint
translation in a structure is called the degrees of freedom. Two
types for degrees of freedom.

In rotation:-

For beam or frame is equal to D,.




Where:

D, = degree of freedom.
] = no. of joints including supports.
F = no. of fixed support.

In translation:-

For frame is equal to the number of independent
joint translation which can be give in a frame. Each
joint has two joint translation, the total number or
possible joint translation = 2j. Since on other hand
each fixed or hinged support prevents two of these
translations, and each roller or connecting member
prevent one these translations, the total number of
the available translational restraints is;
2f+2h+r+m where

f =no. of fixed supports.

h = no. of hinged supports.

r =no. of roller supports.

m = no. of supports.

The degree of freedom in translation, Dy, is given by:-

D; = 2j-(2f+2h+r+m)

The combined degree of freedom for frame is:-
D =D, + D,
=j-f+2j—-(2f+2h+r+m)



D=3j-3j-2h-r-m

The slop defection method is applicable for beams and
frames. It is useful for the analysis of highly statically
indeterminate structures which have a low degree of kinematical

indeterminacy. For example the frame shown in fig. 2.a

The frame (a) is nine times statically indeterminate. On other

hand only tow unknown rotations, 6, and 6. i.e Kinematically



indeterminate to second degree- if the slope deflection is used.

The frame (b) is once indeterminate.

3.3 Sign Conventions:-

Joint rotation & Fixed and moments are considered

positive when occurring in a clockwise direction.
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Hence: My =2Mjg

and 0a = Oa1 -Oa0
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R (+ ve) when the rotation of member AB with clockwise.

3.4Fixed and moments:

As given in the chapter of Moment distribution method.



3.5 Derivation of slope deflection equation:-
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Required My & My, interm of (1) 0,4, 05 at joint
(2) rotation of member (R)
(3) loads acting on member
First assume:-
Get Mf,, & Mfy, due to acting loads. These fixed and

moment must be corrected to allow for the end rotations 0,,0g
and the member rotation R.

The effect of these rotations will be found separately.



Mal = OA
L ML
4E1
Mbl = E 0, M
M
4EI /' \l
M.L
MaZ = T .BB
—6EI
Mpzs =M, = - A
_ —6EI R
L
by Superposition:;

Map = Mfap + Mag + Mgz + Mas

Mt + g, + 25 ZOEL g
L L L

M, =Mf, + ? (26, +6; -3R)

In case of relative displacement between the ends of members,
equal to zero (R =0)

M, =Mf,, + % (26, +6b)

M,,=Mf,, + % (26,+96,)

2 EI
The term (T) represents the relative stiffness of member say

(K) hence:
M, =Mf, +K,k (20, +0,)



Mba :bea +Kba (zeB +6a)
Note:

A =-Ris (+ ve) If the rotation of member with clockwise.

And (- ve) If anti clockwise.

M = _62EI A (with + ve R)
L
—6 EI
M = 62 A (with — ve R)
L

3-5-1 Example 1
Draw B.M.D. S.F.L

Solution:-

1- Relative stiffness:- Kag: Kge = é:% 1:2

2- Fixed and Moment:-

3 x 62
MFBA: T = —9 tm
3x6° 3 x &
=+ =+9 , MF,.=+ =— 18
BA 12 BC 12
3 x &
g = T 1 = +18

3- Two unknown 0g + Oc then two static equations are
required. 1)> Mg=0
2) Mc=0
Hence:
Mgat Mge =0 .ovvininnnn.. (1)



Mag = -9 + 0g

Mga = 9 + 1(20g
Mgc = -16 +2 (205 + 0¢)
Mcg = +16 + 2 (20 + 0g)

From egns. (1&2)

9 + 265 +(' 16+2(265 +ec) =0

60 + 20c =7 ... (3)
and 406c + 20g =-16
20c + 0p =-8 ... (4)
from3 &4
5 0g =15
05 = 1?5 =3.0
Oc =-55
le. Mpp=-9 + 34 =56 tm

Mga=9 + 2x3.4=158tm

Mac = - 18 + 2 (2x3.4) + (- 5.5) = - 15.0 t.m

M =16+2(23-57+34) =0.0 (0K)
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1- Unknowns 0, 0g’' & O¢
2- Fixed end Moment

3- Condition eqgns.

2
MFAB = MFBC = MFCD = 2x6

=-6tm... etc

Mag =-4tm, Mga + Mgc =0, & Mcg + Mcp =0

4- Slope deflection equations

From eqgn.3

Hence:

Mag = -6+ (204 + 0g) =-4
29A+GB =2
Mga + Mgc =0

+6+ (265+ GA)—6+(295+ ec) =0

40g + 0p + Oc
Mce + Mcp

=6+20c+05-6+20c =0

4 0c + 0p
ec;:'e_B
4

Substitute in egn. (2)
3.75 65 + GA =0
0503 + OA =1

32598 =-1
OB =-
Oa =1.15

ec =0.077



Hence:

MAB =-6+2x1.15 + (' 307)
=-4tm 0.K
MBA =6 + 2X (' 307) +1.15 =6.536tm
Mcg =6+2x.77+(-.307) =5.85 tm
Mpc =6+.077 =6.077 tm
6.536 6.077
2t/m Z 2t/m l 2t/m 1 { 2t/m l
% 00  6.00 TG.OO 6.00 6. oo 6. oo
l0.42 0.42T 10_11 oul lo 038 0038
T T 11.852 6.038
9.58 12.53
9.00t
N l B 3t/m b
Sy S = R A
=2 ‘ .
| om
=1
C 60 300 m(jm 7.00 |
[ T T 1
Solution:-
1- Unknown displacements are 6z & 0p
2- Equations of equilibrium are:-
MDB =0 (l)
MBA + MBD + MBC =0 .. (2)

3- Relative Stiffness:-
Kag: Kge: Kgp =35:31. 5:22 ; 51. 56:1. 4:1.0.




4- Fixed and Moments:

MF,, = —_92623X3 =6 tm
X
MF,, = —QXSXSXG ~12 tm
X
—3x7?
MF,, = —— ' = -12.25 tm
_ 2
MF,, = % — 1225 tm

From the equations 1 & 2 hence;
Mbe = MFpg + (20p + 0g)
=1225+1(20p+60g) =0

20p + 0g +12.25 =0 ------- (3)
and Mga =12 +1.56 (20g)
Mgp =12.25 + 1.0 (205 + Op)
Mpgc =0+14 (205 + 0)
e
12+1.56 (20g) — 12.25 + 265 + 6p + 1.4 (26g) =0
7.920g + 6p — .25 e 4)
0.50g_+ 6p_+6.125 e (3)
e 7.42 6 -6.375 =0
08 =0.86
Op =-6.55

Hence:
Mga =12 + 1.56 (2% .86) = 14.68 t.m



Mgp =-1225+ (2 x.86-6.55%x1) =-17.08

Mgac = 1.4 (2 x .86) =241
Mps = 12.25 + (2 x -6.55) = 7610
Mcg = %MBC = 1.205
Mag = -6 + 1.56 (.86) = _ 466

200t C 200t
l 2t/m J
B [ B T
K=1
I K=1.6 K=16 |1 10m
K=1
10.00t
) 1 . .
| paY
L 200 8.00 ) 8.00 200
[ T T T 7




Two equilibrium egns.
MAB + MAA =0 (1)
MBB + MBA +4=0 (2)

Slope deflection egns.
Mag=0+1.6 (29A + OB)
—-10x16

MAA= +(29A+9A)

Maa =-20+ 04
Mga =0+1.6 (295 + QA)
MBB =-42.67 + (265 + GB)

=-42.67 + 0p
Hence:
3.200+1.60g+04—-20 =0
4.20, + 1.60g =20 (1)
-42.67+4.205+1.600+4=0
1.604 + 4.205 =3867 oo (2)
1.605 + 0.6165 =762 .o (1)
3.590g = 31.05
O =8.65
Oa =1.46

MAB =-18.52



Example 5
Draw B.M.D for the shown frame

Solution:-
- Two condition equations.
Maa + Mag =0
Mga + Mg +8=0

- Relative stiffness L : i
16 10

- Slope deflection equations:
Maa = (205 — 04) = 0a
Mag = (205 —0g) x 1.6
Mga = (205 — 0a) % Oa
Mgg = 42.67 + (205 - 0g)

Hence:

0a+3.205+1.6Vg=0

4.20, + 1.60g =0.... (1)
3.20g +1.604+ 05 —42.67+8=0
4.205 + 1.604 =34.67... (2)

=1:1.

200t

—

3.68

10m




By Solving 1 & 2 0pr=-3.68, 05 =9.66
Hence Maa =-3.68, Mag = 3.68 t.m
MBA =25 MBB =33

10t T

8t 6.00

[ — 4t 10.00

L 20.00 8.00

.

Example 6:

- Draw B.M.D for the given structure.

Solution:- once statically indeterminate.

1- Fixed end moments

MFAB =- 8 X820 =—-20tm
MFBA =- 8 X820 =—20 tm
MFB(;—' 4> 10 =-5t

8
MFCB =- 108x 8 =—-10 tm
MFDB =10 tm

2- From Static:- > Mg =0




Mga + Mgc + Mgp =0
Mga = MFga + (20g)

MBA =20+ 295 .................... (1)
MBC =-5+ 293 .................... (2)
MBD =-10+ 295 ................... (3)

Hence: 5+60g=0
0 =-0.833
Hence:
Mga =18.34tm, MBC =-6.67, MBD =-11.67 tm
Mapg = - 20 =-20.833t.m
Mcg =5+ 0B =-4,167 tm
Mpg =10 + 0B = 0.167 tm

Example 7:



Draw B.M.D for the shown frame
Solution:
“3 time statically ind.” 0 , 05, & O¢

1- Fixed end moments:

MFag =-10
MFga =+ 10
MFgc =-25
81
3t\m
A lr PO LTI ) ¢

D
MFcp = MFpc = zero
2- Relative Stiffness 1:1:1
MAB =0 (1)
MBA + MBC =0 (2)

Mg +Mcp=0 (3)




0A

0B

0C

elastic curve

ocC

Mag =-10 + (204 + 0g)

Mga = 10+ (205 +6,)

Mg = -25+20 +6¢c

Mcg = 25+ 20c +0g

Mcp = 20c

Mpc = 0c
From1,2 & 3

204 + 0p =10

40+ 0o+ 0c=15

40c + Op =-25
By solving the three eqgns. hence;
0p=25 g =5 O0c=-75
Substitute in eqns of moments hence;

Mag =-10+5 = zero (0.k)

Mga = 10+10+25 = 225tm

Mgec =-25+10-75 =-225tm

Mg = 25-15+5 = 15 tm



Mcp =-15 tm
Mpc =-7.5 tm

1425

22:5 3t\m 15 %22 >
25 < 225 -

— 223 O 4
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14.25
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3-6 Frames with Translation

Examples to frames with a single degree of freedom in

translation.



Example 8:
Draw B.M.D for the shown frame.

1-

Unknowns: 6B, 0C, A

pay

B

—p

71777 —P XA

Relative stiffness
Kas : Kga : Kep
12,15

4" 6

1:1:1

Fixed end moments

2.
5

MFa g =0 Mga =0

MFgc = MCB = zero
MFCD =-6tm
MFpc=+6t.m




/ N

4- From Statics the equilibrium eqns

MBA + MBC =0 (1)
MCB + MCD =0 (2)
MAB
/\ MDC
Xﬂi XD € ™
8
P E—

XA

MAB XD
. S Ty

MDC

5- Shear equation (In direction of X,>  x =0)

6+ Xa+Xp—8 =0

6 + Mg+ M g + Mcp +Mpe
4 6

_4=0 (3)

MBA+MAB a ~ MCD+MDC N

hence X, + nd xD 4
6- Slope deflection eqgns:

MBA—O+1(298—3%), Mg =0+ 1 (8 — 3. %)



Mgc =0+ 1 (205 + Oc)
Hence: 405 —0.75A +0:=0 (1)
Mcg =0+ 1 (20c + Og)

Mep = -6 + 1 (zec—s%),

Mpc = + 6 + 1 (6c-3 %)

Hence:
4OC+GB-%A:6 )
04 (20, ~T50)+(16, ~.T54) (-6+26, ~A)+(6+10. — A _,
4 6
2+0.750g- 375 A+ %ec _0.1667A=0
0 + .67 O - 072A = - 2.66 3)
Subtract (3) from (2)
3.33 e% +0.288 A = 8.33
0c—0.067 A=2.6 (4)
Subtract (1) from (2) x (4)
150.—125A =24
0c—0.08 A =16 (5)
From(4) & (5) 0.147A=1
A =6.80
9(; =2.149

0g =0.799



MBA =-35tm ,MAB =-4.301 t,m, MBC =3.79
Mcg= 51tm Mcp=-51tm , Mpc = 4.744

Example 9:-

Write the shear & condition eqns for the following frame.

Solution:-
Three unknowns: 0B, 0C, A
p2 - -
—5r
B - >
hl
2 h2
N
hl D
77777
A
77777 L

Condition equations:

Mga + Mgc = 0 (1)

MCB+MCD=0 (2)
Shear egn.

Xa+tXg+Pl+P2=0

(P Mot Mo (Moo Moo py 1 pg) o (3
Example 10:

Find the B.M.D for the shown structure.



1.5t\m

clydJd I IIdT Il Il 1Iill ] ©
4t\m b _
o NIRRT
41 5.0
Solution:-
Opb=0z=0
ec =- ec
OB =- 95
1- Unknown displacements are: 0B, 6C, A

2- Relative Stiffness:
AB :BE:BC:CD:ED

2 111
53533
3:10:3:5:5
1\3 E 1\3 c

¢ D

1 1 1

5 5 5

B 2\3 E 2\3 B

1 1

5 5

A A

77777 [TTTT7

3- Fixed end moment:-



4x36
MFBE_' T2 =—12tm
MFEB =+12 tm
1.5x36
MFCD = 1; =—4.5tm
MFDC =+45

4- Equilibrium equations:-
1- Mcp + Mcg =0
2- Mgc+ Mga+ Mge =0

CD+MDC +MDE+MED

3- Shear condition:(33—-16.5)+ M

6
Meo = - 4.5 +5 (20¢ + 0p — 3R)
Mcg =0 3 (20c + Og)
Mgc = 0+ 3 (205 + 0c)
Mga = 0 + 3 (20g)
Mgz = - 12 + 10 (205 — 3R)

Hence
-45+100c-15R+66c+365=0
166c + 305 —15R-4.5=0 (1)
And
1605 + 36c + 60 — 12 + 05 -36g =0
30c + 3205 —30R-12=0 (2)
and

~30R 30 6, — 60R

150
16.5(—= =0
(= s )




2.50c +50c + 17TR + 16.5 =0 (3)
by solving equation 1,2 & 3 get

Mpg =+6.66 tm

Mga =+13.32 tm

Mgec =+19.0 tm

Mcg =+18 tm

Mge =-32.32 tm

Mg =-30.53 tm

Mcp =-18 t.m

Mpc =-1843 tm

32.32 3232 !
+

19.43

K w :
+
30.33
+ +

6.66 6.66

13.32

3-7 Frame with multiple degree of freedom in translation.

Example 11:
Write the shown equations and condition eqgns for the given

frame.
Solution
Unknowns: 0B, 6C, 06D, 0E, Al , Al



h2

Ca hi

Condition egns

Mge + Mga + Mac = 1)

Mcs + Mcop =0 (2

Mpc + Mpe =0 (3

Meg + Megr+ Mep =0 (4)
Shear egns :

Equilibrium of the two stories.
Atsec (1) — (1) :-

(Level CD)
P2+XC + XE =0
P2+ MCB+MBC +MDE+MED =O

h2 h2
At sec. (2) — (2):-
(Level BE) or > x =0

P1+P2+XA+X|:=O

My, + M, N M, +M
hl hl

P, + P, + FE =0




Example 12:-

Draw B.M.D for the given structure.

1.5t\m

[
2l |
] 4t\m
22

c O
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It\m [ ”” D

1 4] |
— 1

E F
T 12m 7T

olution:-

1- Relative Stiffness:-




2- Equilibrium equations:-

Mag + Mac =0 (1)
Mga + Mgp =0 (2)
Mca + Mcp + Mce =0 (3)
Mpg + Mpg + Mpc =0 (4)
2t

T3XCA

>x =0 at Level A-B

2+(6-3)+ MAc;‘MCA + MBD'gMDB :0(5)

>x =0 at Level CD

Mce + Mo n Mpe +Mgp
6 6

11 + =0(6)




Mag =-8+1 (204 + 0p)
Mac =3+ (205 +6c—3Ry)
Mac =- 3+ (20c+0a—3R))
Mca =16+ (205 + 0,)

2t

»
L4

6t

—
3+XCE

Mgo =0+ (205 + 0p — 3Ry)
Mpe =0+ (20p + 0g - 3Ry)
Mor =0+ (20p + 0 - 3Ry)
Moo =0+(0p -  3Ry)
Mo = - 48 +2 (20¢ + 6c)
Mcp =+48+2(20p + 0¢)
Mce =-8+(20c-3Ry)
Megc =+ (0c - 3Ry)

Fixed end moment:-

Ox4x8x4

MFpg= - —————— " =_8t.m
AB 12x12
2
MFBA: —gxi 2X4 =+ 16t.m
1x62
MFac = = +3tm

X.D.F




1x6°

MFca= = -3tm
4x122
MFcp = =—48 tm
CD 12
MFpc =+48 tm

Unknown displacement:
0A , 0B, 6C , 6D , A1, A,

by Solving the six equations one can get;

Mag =-3.84 t.m
Mga =+18.39 tm
Mac = 3.84 t.m
Mca =+729 tm
Megp =-1839 tm
Mpg =-2297 tm
Mcp =-11.15 tm
Mpc =-5344 tm
Mce = 387 tm
Mec =-1344 tm
Mpr =-3047 tm

Mep =-26.15 tm



L 77
777777777777777777777 .
- WWM
19.39
w
R é
1.1 :
72 :
387 708 2297 E
19
7.28
30.53
77 2
13.44 -~ =

Example (13):-
Write the shear equations & equilibrium equations for the shown

frame.
Solution:
Shear eqgns:
Xce+tXpgatP1 =0 ..., (1)

Mee + Mg n Mg + Mg, +P, =
h, h, + h,

XD+XG+XE+P2=O“'(2)

MDE+MED 4 Mge + Mg _ MEC+MCE +P2_0
h, h, h,

Or:
Xa+Xp+ Xg+P;+Py =0

M e + Mpe + Mg n Mge +MFG+P1+P2=0
h, + h, h, h,




N2

hl

h2

A D G
[T7T 777 TTTTT7 [TT7777
Pl B c
—
XA ) XD > XG )
[T7T 777 TTTIT77 [TT 777
Example 14:-

a- Write the equations of equilibrium including the shear
equations for the frame.

b- Write the slope deflection equations in matrix for
members CE & GH.

c- By using the slope - deflection method; sketch elastic
curve.

d- Sketch your expected B.M.D

Solution:-



(Unknowns:ec ) eD 16E 16F 16G ) OA-I-OK ) OL ) A1 )
AZ 5 A3 ) A4
Relative stiffness: 1:1

a- equilibrium equations

Mg + Mke =0 (1)
Mk + My =0 (2)
Mek + Mgh + Mge =0 3
Muc + My + My =0 (4)
Mg + Mec + Mg =0 (5)
Mee + Mep + Mpy =0 (6)
Mce + Mcp + Mca =0 (7)
Mpc + Mpg + Mpr =0 (8)

Shear equations:-
a- at Level GH
5+10+(XG—5)+XH:0 (9)




Where:

XG: Mok + My
5
X, = My + My,
: 5
b- at Level EF
5+10+20+(XE—5)+XF =0
30+XE+X|: =0
Where:
XE: Mes + Mge
5
XF: MFH+MHF

5

(10)



ot

2/M

oo LLITTTTIT]T]

XG - XH

l




] XG -5 N
2UM
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c- atLevel CD
5+10+10+30+ (Xc—-5) +Xp =0
50 + Xc + Xp =0......... (11)
Where:

Mce + Mgc
5

Mpe + Mgy
5

d- at Sec AB:-
5+10+10+10+40+ (Xa—5) + Xp =0

XC=

XD=



70+ Xp + Xp

Xa = Myc + Mca
5

X - MCE+MEC

B 5

3-8 Slope deflection egns in matrix form:
1- Member CE

2EI A2 — Al

Mcp = MFce + ?(290 + 0 -3 )
Megc = MFgc + %(ZGE +0c -3 A2- AI)
Where:
2
MFee=- 25 =-416 tm
MFec =+4.16 t.m
In Matrix form:
MCE -4.16 2 1-3
_ 2E1
a 5
MEC 4.16 1 2-3
Where:
R2 — A, — A

5

=0....(12)

Oc

Ro




2-
Mo

member GH

- 16.67 2 1
261

+16.67 1 2

d-B.M.D I 7

MHF

MFD

MDB

MAC g

Example 15:-

By using slope deflection method;

1-
2-

Draw B.M.D for the shown frame.

Sketch elastic curve.

Solution:

1-
2-
3-

Relative stiffness 1: 1

unknowns: 0 = - 6 (From symmetry)
Equilibrium egns

Mga + Mgc + Mpp + Mgg = 0 (1)




()
(wll

8
4t/ t
AT T T I TTT T
' B 21 B ‘
1
I
C c

4-Fixed end moments

4x6,

MFAB: =-12tm
MFBA: =+ 12
MFBC = MFCB = MFBD = MFDE =0
2
MFgg = - 2x127 812 | 36 t.m
12
|
1

4- Slope deflection eqgns
MAB =-12 +(GB)
Mga = 12 +20B



Mgc =20B

Mgp =20B
Mgs =-36+6B
Mcg = 6B
Mps = 6B
3.43 3.43
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% 3258 32.58 %
12 1886

3.43
From eqgn (1)
(12 + 20g) + (20g) + (20s) + (- 36 + 0Op) =0
70g - 24 =0
0 = 3.4286

hence
Mag = - 8.57 t.m
Mga = 18.86 tm
Mgc= 686  tm
Mgg=-3258  tm
Mcg = 3.428 tm



MDB = 3.428 t.m
MBD = 6.86
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The Free Body Diagram to find the S. F. & N. F.
SHEET (3)

1) Draw S.F.D. and B.M.D. for the statically indeterminate
beams shown in figs. From 1 to 10.
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2) Draw N.F.D.,

S.F.D. for the statically indeterminate

frames shown in figs. 11 to 17. Using matrix approach 1.
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