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Distribution of Couple at Node
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Distribution of Fixed-End Moments
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Moment Distribution for Beams
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Example 1

The support B of the beam shown (£ = 200 GPa, /= 50x10%® mm* ).

Use the moment distribution method to:

(a) Determine all the reactions at supports, and also

(b) Draw its quantitative shear and bending moment diagrams,and qualitative
deflected shape.
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Example 2

From the beam shown use the moment distribution method to:

(a) Determine all the reactions at supports, and also

(b) Draw its quantitative shear and bending moment diagrams,
and qualitative deflected shape.
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Example 3

From the beam shown use the moment distribution method to:

(a) Determine all the reactions at supports, and also

(b) Draw its quantitative shear and bending moment diagrams, and
qualitative deflected shape.
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Example 4

The support B of the beam shown (£ = 200 GPa, / = 50x10® mm* ) settles 10 mm.

Use the moment distribution method to:

(a) Determine all the reactions at supports, and also

(b) Draw its quantitative shear and bending moment diagrams,
and qualitative deflected shape.

20 kN
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Note : Using the

slope deflection
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Example 5

For the beam shown, support A settles 10 mm downward, use the moment
distribution method to

(a)Determine all the reactions at supports

(b)Draw its quantitative shear, bending moment diagrams, and qualitative
deflected shape.

Take £= 200 GPa, = 50(10%) mm?.
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Example 6

For the beam shown, support A settles 10 mm downward, use the moment
distribution method to

(a)Determine all the reactions at supports

(b)Draw its quantitative shear, bending moment diagrams, and qualitative
deflected shape.

Take £= 200 GPa, /= 50(10%) mm?.
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* Overview
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 Artificial joint removed
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Dist. 40| 22.5
——
CO 20
-80 -60| 60

80 kN-mC H 60 kN'm 60 kN°m ﬁ
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* Solve equation

Substitute R =46.47 kN and R'=66.67 kN in (1*)
46.47 +66.67C =0

C =-0.6970
12 kKNem
6 kN/m
B FA
20.08 kN-n‘( y
10 mm
20.08 kN C +
R=4647kN 839 kN
+
B - A T,
30 kN-mC 4 xC=-0.6970
46.67 kN 20 kKN
R’ = 66.67 kN
i 12 kNem
6 kN/m P\
35.68 kN-m( B
2E] C 1.5EI

12.45 kN 5.55 kN



35.68 kN-m( B
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Symmetric Beam

* Symmetric Beam and Loading

real beam
Viple— L ol L s Ve vl
2 2 D) IMe =0 V(L) + o (L)(Z) =0
El 2
B '
MC ML
M, = ’ 2EI
El
El
: 2EI
conjugate beam M = =

The stiffness factor for the center span is, therefore,

 2EI
L

K
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 Symmetric Beam with Antisymmetric Loading

L L L
[« bl e >
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1 M_ L
(—)( ) M ) M =0: =V (L)+ s )(—)—
EI"2
2 | o
Vg
) S o ML
’ 7 i V'ZQZ—
T _B 3 l 5 6EI
; - “ 6El
ll(ﬁx ) v M=="¢
M 2 VEl

£l : The stiffness factor for the center span is, therefore,
conjugate beam
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Example 5a

Determine all the reactions at supports for the beam below. ET is constant.

_I5KN/m
iU
B C
« 4 m » 6 m p 4 m o
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15 kN/m
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wl?/15=16 B wL*12=45 C wL?/15=16
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« > >
3EI  3EI 2EI  2EI
K — = R K = =
e 47" L6
K
(DF),, =—“% _1(DF), = (4B) _ (3El/4) _
K i K+ Koy (BEI/4)+(2EI/6)
- 2EI/6
(DF)pe =0 -G89
i+ Ko,  (BEI/4)+(2EI/6)
DF 1.0/10.692 | 0.308
[FEM],,, |0  {-16/+45)
Dist. -20.07|-8.93
M -36.07| +36.07
o 30 kN 00 kN 30 kN
-------------------------- 36.07 kNsm

_-
- |

36.07 kN-m ,

) H i) ¢
0.98 kN 29.02 kN

cd &

45 kN
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29.02 kN 10.98 kN 43
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74.02 kN 0.98 kKN
4 m .

' 29.02

(kNem)
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Example Sb

Determine all the reactions at supports for the beam below. ET is constant.

15 kN/m

%D
B
15 kN/m

4 m 3m 3m « 4 m

45



Fixed End Moment 15 kN/m

A

wL*/15=16 B 11wL?/192 5wL?/192
=30.938 =14.063

C

-+

SwL?/192  11wL?/192
=14.063 =30.938 , wL?’15=16

| gy
B

15 kN/m
1
15 kN/m
16.875 16
%D
16 B 16.875
15 kN/m
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15 kN/m

16.875 16
%D
16 B 16.875

15 kN/m
’ 4 m *3m>|<3m»|< 4mw
3EI 3EI , 6EI 6EI
Ko == === 0T5EL, Koy =——==—=EI
0.75 1
DF) , =1, DF),, = =0.429, DF) =0.571
(DF) 4y (DF)s, 0.75+1 (DE)se 0.75+1
DF 1.0/{0.429 | 0.571
[FEM],., |0 (-16]16.875)
Dist. -0.375| -0.50
SM -16.375|16.375
30kN
. 16375 kN-m

-

y HB Q£
5.91 kN 24.09 kN




83OkN
“z

16 375 kN ..................................... |
5.91 kN 24.09 kN 7 06 kN45kN

1
15 kN/m

52.05kN  5.91 kN

591
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Moment Distribution Frames: No Sidesway
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Example 6

From the frame shown use the moment distribution method to:

(a) Determine all the reactions at supports

(b) Draw its quantitative shear and bending moment diagrams,
and qualitative deflected shape.

40 kNem
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40 kNem

y C
N N t
2.5El 45 25 " 2.5EI
—> 0.5 \1, 0.5 €—
> 4 m
K,,= Kz =3Q.5EN/5=15E 3EL" Q0.5
K, =4GED/4 = 3EI v
D
< 5m e 5m o
A B D C
Member | AB BA BC BD DB CB
DF 1025025 | 05 0 1
Joint load -10 | -10 =20
N
CO -10
FEM -45 25
Dist. 5 5 10
Ny
CO 5
> 0 50 | 20 -10 -5 0




R
14 kN

2.5EI 50
16 kN

Member | AB BA| BC| BD| DB | CB
)y 0 50| 20| -10] -5 0

40 kNem

58 kN 34/‘24375)
20

so(C ¥

48 kN TI 3.75
A 58

B .
) 50 kNem \ < o( .
204 3 75

10 kNem 24 kKN 16 kN
3.75 kN

14 kN 34 kN

> B 375KN

38
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58 kN




Moment Distribution for Frames: Sidesway
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Single Frames

N
> ¥

Artificial joint applied
(no sidesway)

0=R+CR

D

Artificial joint removed
(sidesway)

x C,
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Multistory Frames

0=R,+ CR, + C,R,"

0=R,+CR '+ C,R,”
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Example 7

From the frame shown use the moment distribution method to:
(a) Determine all the reactions at supports, and also
(b) Draw its quantitative shear and bending moment diagrams, and
qualitative deflected shape.
EI is constant.

16 kN

1m¢ 4 m
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* Overview

16 kN
1 m‘ 4 m C R’
x C,
D
artificial joint applied artificial joint removed
(no sidesway) ( sidesway)
R+CR=0| - (1)
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« Artificial joint applied (no sidesway)

Fixed end moment:

Pa?b/L? Pb%a/L
=10.24 =2.56

Equilibrium condition :

5 YF.=0: 4. +D +R =0
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A B C D

DF [0 0.50 | 0.50 0.50|0.50 0
FEM 10.24 2.5
Dist. 512 -5.12_ 1.28 ] 1.28

= e > SN
CO |[-2.56 0.64 -2.56 0.64
Dist. -0.32 -0.32__ 1.28] 1.28

Zz 2 SN
CO [-0.16 0.64 -0.16 0.64
Dist. -0.32 -0.32—_ 0.08 | 0.08

ZzZ e > SN
CO |-0.16 0.04 -0.16 0.04
Dist. 0.02 -0.02  0.08] 0.08
> [-2.88 -5.78| 5.78 -2.72| 2.72 1.32

Equilibrium condition :

% SF =0: 1.73-081+R =0

D.=0.81 kN R =-092kN €—
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« Artificial joint removed ( sidesway)

Fixed end moment:

Since both B and C happen to be displaced the same amount A, and 4B and DC
have the same E, I, and L so we will assume fixed-end moment to be 100 kNem.

Equilibrium condition :

5 YF =0: A +D_+R =0
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“» >
5Sm
>R A B C D
1100 kN-m DF [0 0.50 [ 0.50 0.50]0.50 0
FEM | 100 100 100 100
5m k5 m Dist. 500-50 —_  -50| -50
Ve i > SN
100kNem CO |[-25.0 -25.0 -25.0 -25.0
4 D Dist. 12.5]12.5 12.5] 12.5
Zz 2 SN
CO |6.5 6.5 6.5 6.5
Dist. -3.129 -3.125 - -3.12§ -3.125~__
= e — SN
60 kNem 60 kNem CO |-1.56 -1.56 -1.56 -1.56
¥\ ¥\ Dist. 0.78/ 0.78 —_ 0.78 | 0.78
= e N N
B - CO |0.39 0.39 0.39 0.39
Dist. -0.199-0.195  -0.195 -0.195
> |80 60 |-60 -60| 60 80
5m S5m
4 D Equilibrium condition: * 2F . =0:
A =28 kN
D_=28 kN 28-28+R =0
80 kNem 80 kNem R°= 56 kN
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Substitute R =-0.92 and R'=561n (1) :

R+CR =0
-0.92+ C,(56) = 0
¢ - 092
56
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16 kN

3.71

1.27 kN 2.63
D Bending moment
A A
> [«
I o ._ -0 —_,
I I
I I
! 3
I I

L L

Deflected shape 64



Example 8

From the frame shown use the moment distribution method to:

(a) Determine all the reactions at supports, and also

(b) Draw its quantitative shear and bending moment diagrams, and
qualitative deflected shape.

20 kKN/m 3m
&BF g pin
'y :: C T
_>
_>
3m| —>
_>
. 4m
_>
Yy
D v
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* Overview

20 kN/m
3m, 3ET

artificial joint applied
(no sidesway)

R+CR =0

artificial joint removed

(sidesway)
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« Artificial joint applied (no sidesway)

20 kN/m 4 B ¢ D
3m , 3EI C

DF [0 0.471]0.529 1.00| 1.00 0
FEM| 15.00  -15.00
Dist. 7.065 | 7.935
4m, 47 CO |3.533
> |1853  -7.94 | 7.94

7.94 KNem
&
K,, = 4QEI)/3 = 2.667E]
B C  SF =0:
K, = 3(3ED/3 = 3EI
60-33.53-0+R = 0

K. =3@EN4=38] O—»B3m 4

cp = 3AED/A = m R =-2647 kN

‘—

ARA=3353kNDED =0

18.53 kNem 0
67



« Artificial joint removed ( sidesway)

* Fixed end moment

A A A A
> >
B 3m, 3EI C R B 3m, 3EI C R

100 kNem

6(2EVI\A\)<(3) 2 100 kNem
Km, 4FI Km, 4FI

I
3(4EIA)/(4) 2 3(4EI)(75/ED)/(4) -
= 56.25 kNem
D D

Assign a value of (FEM) ;= (FEM)g, = 100 kNem

6(2E;I)A 100
3
Anp = T5/EI
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DF [0 0.4710.529 1.00] 1.00 0
FEM | 100 100 56.25
Dist. -47.1| -52.9 0
=
CO |-28.55
T |76.45 52.9/-52.9 56.25
 SF_=0:

-43.12-14.06 +R" =0
3m 4 m R” = 57.18kN

AW 4 =4312kN
D 14.06 kN

76.45 kKNem
56.25 kN'Hl 69




Substitute R =-26.37 and R'=57.18 in (1) :
R+CR =0
-26.47+ C,(57.18) = 0

26.47
57.18

7.94 kNem

4m

18.53 kNem 76.45 kNem

43.12 kN 53.49 kN

26.04 kNem




20 kN/m

4m

53.49 kN
26.04 kNem

5.52 kN

16.55

A \ 539

26.04
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Example 8

From the frame shown use the moment distribution method to:
(a) Determine all the reactions at supports, and also
(b) Draw its quantitative shear and bending moment diagrams,
and qualitative deflected shape.
EI is constant.

I0kN B
C x
4 m
Yy
A D
p 4 m >|<3m N

72



* Overview

10kN B
A
e
10kN B C
4 D

artificial joint applied
(no sidesway)

C x
4 m
v
D
P 3m N
R+CR=0| - (1)
|
B C
R’
+ x C,
4 D
artificial joint removed
(sidesway)
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« Artificial joint applied (no sidesway)

Equilibrium condition : % SF_=0:
10+R =0

R =-10kN €*—
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« Artificial joint removed (sidesway)

s Fixed end moment 2 6EIA,/(4) 2

61N, /(4) 2

100 kNem

4 m

’ %
3EIA ., /(5) 2
6EIA,/(5)2 |4m
A A

Assign a value of (FEM) ,,= (FEM), ,= 100 kNem : 6ELIL§AB 100

A,z = 266.667/El

D,C‘)}.?’ABC
A R Ap=A/cos 36.87° =125 A= 1.25(266.667/EI)
C XN ( = 333.334/El
| ?87 4m A C’
CD
‘ Age =Atan 36.87°=0.75 A
y JNp Up2 N\36.87° = 0.75(266.667/EI)
¢ A=A = 200/E]
4 m 3m
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Ap= 200/EL A= 333.334/EI

6EIA,/(4) 2 = 6(200)/42= 75 kNem

. o
R
SEIAC/(5) 2= 3(333.334)/52= 40 kNem

\

Equilibrium condition :

5 YF =0: A +D +R =0
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A B
75 75 C
R %=  Dprlo 0.50[0.50 | 0.625 0.379 | |
0.5€C 0 FEM |100 100 | -75 -75 | 40
4m Dist. -12.5 | -12.521.875 | 13.125
0.5 z T
N CO |-6.25 10.938  -6.25
D Dist. -5.469 -5.469 . 3.906 | 2.344
e Z N
« 4m 3m CO |-2.735 1.953 -2.735
Dist. -0.977 -0.977 1.709 | 1.026

K,, =A4El/A=EI K, = 4El/4 = EI 105 5648|5648
KCD — 3E]/5 — O6EI 2 91.02 81.05 = . = . .
34.38 kN 34.38 kN

81.05 81.05 p C Ii 56.48

56.48 C
34.38 kN 34.38 kN
91k
A 43.02kN | 5 ZF =0: Dfﬁ N
01 02 43.02-39.91 +R" = 0
34.38 kKN R = 82.93 kN 34.38 kN

77



Substitute R =-10 kN and R'=82.93 kNin (1): -10+ C,(82.93) = 0
R+CR = 0| =mmeeev (1) C, =10/82.93

10kKN B C B C

Rr

81.05 x C,=10/82.93

56.48
39.91 kN

91.02
43.02 kN

|
0 34.38 kN

34.38 kN
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D

Bending moment diagram Deflected shape
(kNem)
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Example 9

From the frame shown use the moment distribution method to:

(a) Determine all the reactions at supports, and also

(b) Draw its quantitative shear and bending moment diagrams,and
qualitative deflected shape.
EI is constant.

40 kKN
20kN B l

A

3m

4 m




* Overview

(no sidesway)

artificial joint applied

(no sidesway)

artificial joint removed




« Artificial joint applied (no sidesway)

Fixed end moments:

20 kN

15+(15/2)
= 22.5 kNem

Equilibrium condition :

5 YF =0: 4. +D +R =0



DF| 0 0.60(0.40{1.00 | 1.00 0

FEM 22.5
Dist. -13.5]-9.0
y 4
CO |-6.75

> |-6.75 -13.513.5

Zm ,, 3m ., 2m gk =4(4E])/3.6=4.444E] K, . = 3(3EI)/3 = 3E],

% YF_=0:
23.08+20-775+R" =0
R” = -3533kN €
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* Artificial joint removed (sidesway)

Fixed end moments:

3m

100 kNem ,
6(4EDA, ./(3.606) 2 \
N -\ 6(4EDA/(4.47) 2

64E/1{Z /(3.61) 2
( an/(3-01) 3(4ED)Ap/(4.472) 2

Assign a value of (FEM) ,, = (FEM),, = 100 kNem : 0(4£1 )2AAB ~100 A= 54.18/EI
3.61




cc A = A, zcos 33.69° = 45.08/E1

C

A

A tan 26.57 = 22.54/E1

y!
A tan 33.69 = 30.05/E]

Ay =B'C'=22.54/ EI +30.05/ EI =52.59/ EI
Acp = A/cos 26.57°= 50.4/E1

3(3ENAL/(3) 2= 3(3EI)(52.59/EI) /(3) 2= 52.59 kNem

100 kNem

3(4ED)A,/(4.472) 2
= 3(4E1)(50.4/E1)/(4.472) 2

= 30.24 kNem g5



A B C D
DF |0 0.60|0.40| {1.00 | 1.00 0
FEM | 100 100{-52.59 30.24
Dist.| -28.45 1 -18.96
CO | -14.223
2 [ 85.78 71.55|-71.55 30.24
30.24
23.85 kN
l—» 5 SF_=0:
¢ -68.34-1949+R" =0
71?53 C R” = 87.83 kN
68.34 kN 23.85 23.85 19.49 kN
85.78kNem 30.24 kNem
23.85 kN 73 85 kN
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Substitute R =-35.33 and R'=87.83mn(1): -3533+C,(87.83) = 0

l40 kN C, =35.33/87.83
C

20kN B C

35.33 kN 90.59 kN

13.5 kKNem 71.55 kKNem

x C,
6.75 kNem

23.08 kN 68.34 kN

A 1245 kN 0 A V¥ 23.85kN
7.75 kKN

30.24 kNem

19.485 kN

15.5 kN I 23.85 kN

l40 kN
20 kN

15.28 kNem

27.76 kNem

12.16 kNem

1491 kN
15.59 kN

25.09 kN 87



40 kN

20 kN

15.28 kNem

27.76 kNem

12.16 kNem
14.91 kN
15.59 kN

25.09 kN

27.76
12.16 Deflected shape

Bending moment diagram
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