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Matrix methods of analysis:
Virtual force principle and flexibility method flexibility of bar beam

CHAPTER OUTLINE

Virtual force principle and flexibility method, flexibility of bar, beam
and general flexural elements, analysis of 2D framed structures with
temperature, support settlement and lack of fit Virtual displacement
principle and displacement method element stiffness matrix for barprinciple and displacement method, element stiffness matrix for bar,
beam and plane frame element, coordinate transformation
Compatibility and equilibrium Assembly of structure stiffness matrix
Analysis by stiffness method of 2D trusses beams and framesAnalysis by stiffness method of 2D trusses, beams and frames
including temperature effects, lack of fit and settlement of supports
Reliability of computer results Computer applications of above using
i t ti t A l i b tiff th d f 2Dinteractive computer programs Analysis by stiffness method of 2D-
Reliability of computer results Computer applications of above using
interactive computer programs
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Introduction to Structural Dynamics and Earthquake Engineering:
Vibration of SDOF lumped mass systems, free and forced vibration with and
without viscous damping ,Natural vibration of SDOF systems , Response of
SDOF t t h i it ti t ifi f f it ti f id lSDOF systems: to harmonic excitation, to specific forms of excitation of ideal
step, rectangular, pulse and ramp forces, Unit impulse response Vibration of
MDOF systems with lumped mass Hamilton’s principle, modal frequency and
mode shapes ,Computer applications of above Introduction to basicp p pp
terminology in EQ engineering ,Form of structures for EQ resistance Ductility
demand, damping etc ,Seismic zoning of Pakistan ,Equivalent lateral force
analysis ,Detailing of RC structures for EQ resistance.

Prestressed Concrete: Principles, techniques and types, tendon profiles etc
Losses of prestress, Analysis of Prestressed concrete for service load, cracking
load and ultimate strength Design and detailing of simply support post-and pre-
tensioned beams.

Bridge Engineering: Site selection for a bridge, types and structural forms of
bridges Construction methods Vehicle load transfer to slab and stringers
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bridges, Construction methods Vehicle load transfer to slab and stringers
Design and detailing of simple RC deck and girder bridges.
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•• Reference Books Reference Books 
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STRUCTURAL DYNAMICS STRUCTURAL DYNAMICS 
ConventionalConventional structuralstructural analysisanalysis considersconsiders thethe externalexternal

forcesforces oror jointjoint displacementsdisplacements toto bebe staticstatic andand resistedresisted onlyonly
byby thethe stiffnessstiffness ofof thethe structurestructure ThereforeTherefore thethe resultingresultingbyby thethe stiffnessstiffness ofof thethe structurestructure.. Therefore,Therefore, thethe resultingresulting
displacementsdisplacements andand forcesforces resultingresulting fromfrom structuralstructural analysisanalysis
dodo notnot varyvary withwith timetime..

 StructuralStructural DynamicsDynamics isis anan extensionextension ofof thethe conventionalconventional StructuralStructural DynamicsDynamics isis anan extensionextension ofof thethe conventionalconventional
staticstatic structuralstructural analysisanalysis.. ItIt isis thethe studystudy ofof structuralstructural
analysisanalysis thatthat considersconsiders thethe externalexternal loadsloads oror displacementsdisplacements
toto varyvary withwith timetime andand thethe structurestructure toto respondrespond toto themthem byby
itsits stiffnessstiffness asas wellwell asas inertiainertia andand dampingdamping..



FUNDAMENTAL OBJECTIVE OF STRUCTURAL FUNDAMENTAL OBJECTIVE OF STRUCTURAL 
DYNAMICS ANALYSISDYNAMICS ANALYSIS

ConceptsConcepts discusseddiscussed inin coursescourses relatedrelated toto structuralstructural engineeringengineering thatthat
youyou havehave studiedstudied tilltill nownow isis basedbased onon thethe basicbasic assumptionassumption thatthat thethe
ithith thth l dl d ( i l( i l it )it ) ii l dl d tt li dli d

DYNAMICS ANALYSISDYNAMICS ANALYSIS

eithereither thethe loadload (mainly(mainly gravity)gravity) isis alreadyalready presentpresent oror appliedapplied veryvery
slowlyslowly onon thethe structuresstructures..

ThisThis assumptionassumption workwork wellwell mostmost ofof thethe timetime asas longlong nono
vibration/accelerationvibration/acceleration isis producedproduced duedue toto appliedapplied forcesforces.. However,However,
inin casecase ofof structures/structures/ systemssystems subjectedsubjected toto dynamicsdynamics loadsloads duedue toto

t tit ti hihi i di d dd ldd l li dli d itit l dl d bl tbl trotatingrotating machines,machines, winds,winds, suddenlysuddenly appliedapplied gravitygravity load,load, blasts,blasts,
earthquakes,earthquakes, usingusing thethe aforeafore mentionedmentioned assumptionassumption provideprovide
misleadingmisleading resultsresults andand maymay resultresult inin structures/structures/ systemssystems withwith poorpoor
performanceperformance thatthat cancan sometimesometime failfailperformanceperformance thatthat cancan sometimesometime failfail..

ThisThis coursecourse providesprovides fundamentalfundamental knowledgeknowledge aboutabout howhow thethe
d id i ff i fli fl thth t t l/ tt t l/ tdynamicdynamic forcesforces influencesinfluences thethe structural/systemsstructural/systems responseresponse



FUNDAMENTAL OBJECTIVE OF STRUCTURAL FUNDAMENTAL OBJECTIVE OF STRUCTURAL 
DYNAMICS ANALYSISDYNAMICS ANALYSIS

 TheThe primaryprimary purposepurpose ofof STRUCTURALSTRUCTURAL DYNAMICSDYNAMICS isis toto analyzeanalyze
thethe stressesstresses andand deflectionsdeflections developeddeveloped inin anyany givengiven typetype ofof
t tt t hh itit ii bj t dbj t d tt d id i l dil di

DYNAMICS ANALYSISDYNAMICS ANALYSIS

structurestructure whenwhen itit isis subjectedsubjected toto dynamicdynamic loadingloading..

 DynamicsDynamics playplay anan importantimportant rolerole inin manymany fieldsfields ofof structuralstructural
engineeringengineering.. Earthquakes,Earthquakes, fastfast movingmoving trainstrains onon bridges,bridges, traffictraffic
generatedgenerated oror machinemachine inducedinduced vibrations,vibrations, etcetc..

 ModernModern materialsmaterials enableenable thethe fabricationfabrication ofof lighter,lighter, moremore flexibleflexible
structuresstructures,, wherewhere thethe effectseffects ofof vibrationsvibrations cancan bebe significantlysignificantly highhigh..

 Additionally,Additionally, investmentinvestment companiescompanies desiredesire costcost effectiveeffective structures,structures,
whichwhich alsoalso tendstends thethe engineersengineers towardstowards moremore accurateaccurate
computations,computations, whichwhich impliesimplies dynamicaldynamical analysis,analysis, tootoo..p ,p , pp yy y ,y ,



STRUCTURAL DYNAMICSSTRUCTURAL DYNAMICS-- LoadsLoads
•• ThereThere areare twotwo typestypes ofof forces/loadsforces/loads thatthat maymay actact onon

structures,structures, namelynamely staticstatic andand dynamicdynamic loadsloads..

StaticStatic LoadsLoads
•• thosethose thatthat areare graduallygradually appliedapplied andand remainremain inin placeplace forforthosethose thatthat areare graduallygradually appliedapplied andand remainremain inin placeplace forfor

longerlonger durationduration ofof timetime..
•• TheseThese loadsloads areare eithereither notnot dependentdependent onon timetime oror havehave lessless

dependencedependence onon timetimedependencedependence onon timetime..
•• LiveLive loadload actingacting onon aa structurestructure isis consideredconsidered asas aa staticstatic loadload

becausebecause itit usuallyusually variesvaries graduallygradually inin magnitudemagnitude andand
positionposition..

•• SimilarlySimilarly movingmoving loadsloads maymay alsoalso bebe consideredconsidered asas staticallystatically
appliedapplied forcesforces..pppp



STRUCTURAL DYNAMICSSTRUCTURAL DYNAMICS-- LoadsLoads
DynamicDynamic LoadsLoads
•• areare thosethose thatthat areare veryvery muchmuch timetime dependentdependent andand

thth ithith tt ff llll i t li t l ff titi i kli klthesethese eithereither actact forfor smallsmall intervalinterval ofof timetime oror quicklyquickly
changechange inin magnitudemagnitude oror directiondirection..

•• DynamicDynamic force,force, FF((tt),), isis defineddefined asas aa forceforce thatthat changeschanges
inin magnitude,magnitude, directiondirection oror sensesense inin muchmuch lesserlesser timetime
i t li t l itit hh titi i tii ti ithith titiintervalinterval oror itit hashas continuouscontinuous variationvariation withwith timetime..

•• EarthquakeEarthquake forcesforces machinerymachinery vibrationsvibrations andand blastblast•• EarthquakeEarthquake forces,forces, machinerymachinery vibrationsvibrations andand blastblast
loadingsloadings areare examplesexamples ofof dynamicdynamic forcesforces..



Dynamic Response of StructuresDynamic Response of Structures
StructuralStructural responseresponse

isis thethe deformationdeformation behaviorbehavior ofof aa structurestructure associatedassociated
withwith aa particularparticular loadingloading..

D iD i ff St tSt tDynamicDynamic responseresponse ofof StructuresStructures
•• isis thethe deformationdeformation patternpattern relatedrelated withwith thethe applicationapplication

ofof dynamicdynamic forcesforces.. InIn casecase ofof dynamicdynamic load,load, responseresponseyy yy ,, pp
ofof thethe structurestructure isis alsoalso timetime--dependentdependent andand hencehence
variesvaries withwith timetime..
D iD i ii llll dd ii tt ff•• DynamicDynamic responseresponse isis usuallyusually measuredmeasured inin termsterms ofof
deformationsdeformations (displacements(displacements oror rotations),rotations), velocityvelocity andand
accelerationacceleration..



Dynamic Response of StructureDynamic Response of Structure

DynamicDynamic responseresponse ofof aa structurestructure maymay bebe estimatedestimated inin twotwo differentdifferent
waysways::

DeterministicDeterministic EstimateEstimate ofof DynamicDynamic ResponseResponse::DeterministicDeterministic EstimateEstimate ofof DynamicDynamic ResponseResponse::
•• ItIt isis thethe responseresponse inin whichwhich timetime variationvariation ofof loadingloading isis fullyfully knownknown

whetherwhether inin casecase ofof prescribedprescribed oscillatoryoscillatory motionmotion oror inin casecase ofof
alreadyalready recordedrecorded earthquakeearthquake..alreadyalready recordedrecorded earthquakeearthquake..

•• TheThe responseresponse toto suchsuch dynamicdynamic forceforce maymay bebe determineddetermined
exactlyexactly..

NonNon DeterministicDeterministic EstimateEstimate ofof DynamicDynamic ResponseResponse::NonNon--DeterministicDeterministic EstimateEstimate ofof DynamicDynamic ResponseResponse::
•• ItIt isis analysisanalysis forfor randomrandom dynamicdynamic loadingloading toto estimateestimate thethe structuralstructural

responseresponse
•• RandomRandom dynamicdynamic loadingloading isis aa loadingloading inin whichwhich thethe exactexact

variationvariation ofof forceforce withwith timetime isis notnot fullyfully knownknown butbut cancan onlyonly bebe
approximatelyapproximately defineddefined inin aa statisticalstatistical wayway withwith somesome probabilityprobability ofof
occ rrenceocc rrenceoccurrenceoccurrence..



Prescribed Dynamics LoadingPrescribed Dynamics Loading
Th ib d d i l di bThe prescribed dynamic loading may be

 Periodic Loading
 Non-Periodic Loading

Periodic loading is the loading that repeats itself after equal intervals of
time.
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Prescribed Dynamics LoadingPrescribed Dynamics Loading

Non-periodic loading is not repeated in a fixed pattern and magnitude.
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Basic Concepts of VibrationBasic Concepts of Vibration
•• AnyAny motionmotion thatthat repeatsrepeats itselfitself afterafter anan intervalinterval ofof timetime isis calledcalled

vibrationvibration oror oscillationoscillation.. TheThe swingingswinging ofof aa pendulumpendulum andand thethe motionmotion
ofof aa pluckedplucked stringstring areare typicaltypical examplesexamples ofof vibrationvibration..

•• TheThe structuresstructures designeddesigned toto supportsupport heavyheavy centrifugalcentrifugal machines,machines, likelike
motorsmotors andand turbines,turbines, oror reciprocatingreciprocating machines,machines, likelike steamsteam andand gasgas
enginesengines andand reciprocatingreciprocating pumps,pumps, areare alsoalso subjectedsubjected toto vibrationvibration..

•• TheThe structurestructure oror machinemachine componentcomponent subjectedsubjected toto vibrationvibration cancan failfailpp jj
becausebecause ofof materialmaterial fatiguefatigue resultingresulting fromfrom thethe cycliccyclic variationvariation ofof thethe
inducedinduced stressstress..

•• TheThe vibrationvibration causescauses moremore rapidrapid wearwear ofof machinemachine partsparts suchsuch asas
bearingsbearings andand gearsgears andand alsoalso createscreates excessiveexcessive noisenoise..

•• InIn machines,machines, vibrationvibration cancan loosenloosen fastenersfasteners suchsuch asas nutsnuts..



Basic Concepts of VibrationBasic Concepts of Vibration
•• WheneverWhenever thethe naturalnatural frequencyfrequency ofof vibrationvibration ofof aa machinemachine oror

structurestructure coincidescoincides withwith thethe frequencyfrequency ofof thethe externalexternal excitation,excitation,
therethere occursoccurs aa phenomenonphenomenon knownknown asas resonance,resonance, whichwhich leadsleads toto

ii d fl tid fl ti dd f ilf il ThTh lit tlit t ii f llf ll ff tt ffexcessiveexcessive deflectionsdeflections andand failurefailure.. TheThe literatureliterature isis fullfull ofof accountsaccounts ofof
systemsystem failuresfailures broughtbrought aboutabout byby resonanceresonance andand excessiveexcessive vibrationvibration
ofof componentscomponents andand systemssystems
F ilF il ff hh t tt t b ildib ildi b idb id t bit bi dd•• FailuresFailures ofof suchsuch structuresstructures asas buildings,buildings, bridges,bridges, turbines,turbines, andand
airplaneairplane wingswings havehave beenbeen associatedassociated withwith thethe occurrenceoccurrence ofof
resonanceresonance

Tacoma Narrows bridge during
wind-induced vibration. The
bridge opened on July 1, 1940,
and collapsed on November 7and collapsed on November 7,
1940.



Free and Forced VibrationFree and Forced Vibration
FreeFree VibrationVibration..

IfIf aa system,system, afterafter anan initialinitial disturbance,disturbance, isis leftleft toto vibratevibrate
itit thth ii ib tiib ti ii kk ff ib tiib tionon itsits own,own, thethe ensuingensuing vibrationvibration isis knownknown asas freefree vibrationvibration..

NoNo externalexternal forceforce actsacts onon thethe systemsystem.. TheThe oscillationoscillation ofof aa
simplesimple pendulumpendulum isis anan exampleexample ofof freefree vibrationvibration..

ForcedForced VibrationVibration..
IfIf tt ii bj t dbj t d tt t lt l ff ( ft( ftIfIf aa systemsystem isis subjectedsubjected toto anan externalexternal forceforce (often,(often, aa
dynamicdynamic force),force), thethe resultingresulting vibrationvibration isis knownknown asas forcedforced
vibrationvibration.. TheThe oscillationoscillation thatthat arisesarises inin machinesmachines suchsuch asas
dieseldiesel enginesengines isis anan exampleexample ofof forcedforced vibrationvibration..



Undamped and Damped VibrationUndamped and Damped Vibration
•• IfIf nono energyenergy isis lostlost oror dissipateddissipated inin frictionfriction oror otherother

resistanceresistance duringduring oscillation,oscillation, thethe vibrationvibration isis knownknown asas
d dd d ib tiib ti IfIf ii l tl t ii thithiundampedundamped vibrationvibration.. IfIf anyany energyenergy isis lostlost inin thisthis way,way,

however,however, itit isis calledcalled dampeddamped vibrationvibration..

•• InIn manymany physicalphysical systems,systems, thethe amountamount ofof dampingdamping isis soso
smallsmall thatthat itit cancan bebe disregardeddisregarded forfor mostmost engineeringengineering

HH id tiid ti ff d id i bbpurposespurposes.. However,However, considerationconsideration ofof dampingdamping becomesbecomes
extremelyextremely importantimportant inin analyzinganalyzing vibratoryvibratory systemssystems nearnear
resonanceresonance..



Vibrating SystemsVibrating Systems
•• TheThe vibrationvibration ofof aa systemsystem involvesinvolves thethe transfertransfer ofof itsits potentialpotential energyenergy

toto kinetickinetic energyenergy andand ofof kinetickinetic energyenergy toto potentialpotential energy,energy, alternatelyalternately..
IfIf thethe systemsystem isis damped,damped, somesome energyenergy isis dissipateddissipated inin eacheach cyclecycle ofof
ib tiib ti dd tt bb l dl d bb t lt l ifif t tt t ffvibrationvibration andand mustmust bebe replacedreplaced byby anan externalexternal sourcesource ifif aa statestate ofof

steadysteady vibrationvibration isis toto bebe maintainedmaintained..



Dynamic Analysis ProcedureDynamic Analysis Procedure
AA dynamicdynamic systemsystem thethe excitationsexcitations (inputs)(inputs) andand responsesresponses (outputs)(outputs) areare
timetime dependentdependent.. TheThe dynamicdynamic responseresponse ofof aa systemsystem generallygenerally dependsdepends
onon thethe initialinitial conditionsconditions asas wellwell asas onon thethe externalexternal excitationsexcitations..

MostMost practicalpractical vibratingvibrating systemssystems areare veryvery complex,complex, andand itit isis impossibleimpossible
toto considerconsider allall thethe detailsdetails forfor aa mathematicalmathematical analysisanalysis..

OnlyOnly thethe mostmost importantimportant featuresfeatures areare consideredconsidered inin thethe analysisanalysis toto
predictpredict thethe behaviorbehavior ofof thethe systemsystem underunder specifiedspecified inputinput conditionsconditions..pp yy pp pp

OftenOften thethe overalloverall behaviorbehavior ofof thethe systemsystem cancan bebe determineddetermined byby
consideringconsidering eveneven aa simplesimple modelmodel ofof thethe complexcomplex physicalphysical systemsystemconsideringconsidering eveneven aa simplesimple modelmodel ofof thethe complexcomplex physicalphysical systemsystem..

TheThe analysisanalysis ofof aa dynamicdynamic systemsystem usuallyusually involvesinvolves mathematicalmathematical
modelingmodeling derivationderivation ofof thethe governinggoverning equationsequations solutionsolution ofof thethemodeling,modeling, derivationderivation ofof thethe governinggoverning equations,equations, solutionsolution ofof thethe
equations,equations, andand interpretationinterpretation ofof thethe resultsresults..



Dynamic Analysis ProcedureDynamic Analysis Procedure
AA dynamicdynamic systemsystem thethe excitationsexcitations (inputs)(inputs) andand responsesresponses (outputs)(outputs) areare
timetime dependentdependent.. TheThe dynamicdynamic responseresponse ofof aa systemsystem generallygenerally dependsdepends
onon thethe initialinitial conditionsconditions asas wellwell asas onon thethe externalexternal excitationsexcitations..

MostMost practicalpractical vibratingvibrating systemssystems areare veryvery complex,complex, andand itit isis impossibleimpossible
toto considerconsider allall thethe detailsdetails forfor aa mathematicalmathematical analysisanalysis..

OnlyOnly thethe mostmost importantimportant featuresfeatures areare consideredconsidered inin thethe analysisanalysis toto
predictpredict thethe behaviorbehavior ofof thethe systemsystem underunder specifiedspecified inputinput conditionsconditions..pp yy pp pp

OftenOften thethe overalloverall behaviorbehavior ofof thethe systemsystem cancan bebe determineddetermined byby
consideringconsidering eveneven aa simplesimple modelmodel ofof thethe complexcomplex physicalphysical systemsystemconsideringconsidering eveneven aa simplesimple modelmodel ofof thethe complexcomplex physicalphysical systemsystem..

TheThe analysisanalysis ofof aa dynamicdynamic systemsystem usuallyusually involvesinvolves mathematicalmathematical
modelingmodeling derivationderivation ofof thethe governinggoverning equationsequations solutionsolution ofof thethemodeling,modeling, derivationderivation ofof thethe governinggoverning equations,equations, solutionsolution ofof thethe
equations,equations, andand interpretationinterpretation ofof thethe resultsresults..



Dynamic Analysis ProcedureDynamic Analysis Procedure
StepStep 11:: MathematicalMathematical ModelingModeling..
•• TheThe purposepurpose ofof mathematicalmathematical modelingmodeling isis toto representrepresent allall thethe

importantimportant featuresfeatures ofof thethe systemsystem forfor thethe purposepurpose ofof derivingderiving thetheimportantimportant featuresfeatures ofof thethe systemsystem forfor thethe purposepurpose ofof derivingderiving thethe
mathematicalmathematical (or(or analytical)analytical) equationsequations governinggoverning thethe system’ssystem’s
behaviorbehavior..

•• TheThe mathematicalmathematical modelmodel shouldshould includeinclude enoughenough detailsdetails toto allowallow•• TheThe mathematicalmathematical modelmodel shouldshould includeinclude enoughenough detailsdetails toto allowallow
describingdescribing thethe systemsystem inin termsterms ofof equationsequations withoutwithout makingmaking itit tootoo
complexcomplex..

•• TheThe mathematicalmathematical modelmodel maymay bebe linearlinear oror nonlinearnonlinear dependingdepending onon•• TheThe mathematicalmathematical modelmodel maymay bebe linearlinear oror nonlinear,nonlinear, dependingdepending onon
thethe behaviorbehavior ofof thethe systemsystem ss componentscomponents.. LinearLinear modelsmodels permitpermit
quickquick solutionssolutions andand areare simplesimple toto handlehandle;; however,however, nonlinearnonlinear modelsmodels
sometimessometimes revealreveal certaincertain characteristicscharacteristics ofof thethe systemsystem thatthat cannotcannotso et esso et es e eae ea ce tace ta c a acte st csc a acte st cs oo t et e systesyste t att at ca otca ot
bebe predictedpredicted usingusing linearlinear modelsmodels..

•• GreatGreat dealdeal ofof engineeringengineering judgmentjudgment isis neededneeded toto comecome upup withwith aa
suitablesuitable mathematicalmathematical modelmodel ofof aa vibratingvibrating systemsystem..gg yy



Dynamic Analysis ProcedureDynamic Analysis Procedure
StepStep 11:: MathematicalMathematical ModelingModeling..

Motorcycle with a rider a physical system and mathematical models.



Dynamic Analysis ProcedureDynamic Analysis Procedure
StepStep 11:: MathematicalMathematical ModelingModeling..

Idealization of the Building Frame Multistory Building and Equivalent Spring Mass Models



Dynamic Analysis ProcedureDynamic Analysis Procedure
StepStep 22:: DerivationDerivation ofof GoverningGoverning EquationsEquations..

•• OnceOnce thethe mathematicalmathematical modelmodel isis available,available, wewe useuse thethe principlesprinciples ofofp pp p
dynamicsdynamics andand derivederive thethe equationsequations thatthat describedescribe thethe dynamicdynamic responseresponse ofof
thethe systemsystem..

•• TheThe equationsequations ofof motionmotion cancan bebe derivedderived convenientlyconveniently byby drawingdrawing thethe freefree--
b db d didi ff llll thth i l di l d ThTh ff b db d didi ffbodybody diagramsdiagrams ofof allall thethe massesmasses involvedinvolved.. TheThe freefree--bodybody diagramdiagram ofof aa massmass
cancan bebe obtainedobtained byby isolatingisolating thethe massmass andand indicatingindicating allall externallyexternally appliedapplied
forces,forces, thethe reactivereactive forces,forces, andand thethe inertiainertia forcesforces..

•• TheThe equationsequations ofof motionmotion ofof aa vibratingvibrating systemsystem areare usuallyusually inin thethe formform ofof aaTheThe equationsequations ofof motionmotion ofof aa vibratingvibrating systemsystem areare usuallyusually inin thethe formform ofof aa
setset ofof ordinaryordinary differentialdifferential equationsequations forfor aa discretediscrete systemsystem andand partialpartial
differentialdifferential equationsequations forfor aa continuouscontinuous systemsystem..

•• TheThe equationsequations maymay bebe linearlinear oror nonlinear,nonlinear, dependingdepending onon thethe behaviorbehavior ofof thethe
componentscomponents ofof thethe systemsystem..

•• SeveralSeveral approachesapproaches areare commonlycommonly usedused toto derivederive thethe governinggoverning equationsequations..
AmongAmong themthem areare NewtonNewton ss secondsecond lawlaw ofof motion,motion, DD AlembertAlembert ss principle,principle,
andand thethe principleprinciple ofof conservationconservation ofof energyenergyandand thethe principleprinciple ofof conservationconservation ofof energyenergy



Dynamic Analysis ProcedureDynamic Analysis Procedure
StepStep 33:: SolutionSolution ofof thethe GoverningGoverning EquationsEquations..

•• TheThe equationsequations ofof motionmotion mustmust bebe solvedsolved toto findfind thethe dynamicdynamic responseresponse ofof thetheqq yy pp
systemsystem..

•• DependingDepending onon thethe naturenature ofof thethe problem,problem, wewe cancan useuse standardstandard methodsmethods ofof
solvingsolving differentialdifferential equations,equations, LaplaceLaplace transformtransform methodsmethods andand numericalnumerical
methodsmethods..

IfIf thth ii titi lili thth ldld bb l dl d ii•• IfIf thethe governinggoverning equationsequations areare nonlinear,nonlinear, theythey cancan seldomseldom bebe solvedsolved inin
closedclosed formform.. Furthermore,Furthermore, thethe solutionsolution ofof partialpartial differentialdifferential equationsequations isis farfar
moremore involvedinvolved thanthan thatthat ofof ordinaryordinary differentialdifferential equationsequations..

•• NumericalNumerical methodsmethods involvinginvolving computerscomputers cancan bebe usedused toto solvesolve thethe
equationsequations..



Dynamic Analysis ProcedureDynamic Analysis Procedure
StepStep 44:: InterpretationInterpretation ofof thethe ResultsResults..

•• TheThe solutionsolution ofof thethe governinggoverning equationsequations givesgives thethe displacements,displacements, velocities,velocities,g gg g qq gg pp
andand accelerationsaccelerations ofof thethe variousvarious massesmasses ofof thethe systemsystem..

•• TheThe resultsresults mustmust bebe interpretedinterpreted withwith aa clearclear viewview ofof thethe purposepurpose ofof thethe
analysisanalysis andand thethe possiblepossible designdesign implicationsimplications ofof thethe resultsresults..



Dynamic Degrees of FreedomDynamic Degrees of Freedom
•• TheThe minimumminimum numbernumber ofof independentindependent coordinatescoordinates requiredrequired toto

determinedetermine completelycompletely thethe positionspositions ofof allall partsparts ofof aa systemsystem atat
anyany instantinstant ofof timetime definesdefines thethe numbernumber ofof dynamicdynamic degreesdegrees ofofanyany instantinstant ofof timetime definesdefines thethe numbernumber ofof dynamicdynamic degreesdegrees ofof
freedomfreedom ofof thethe systemsystem..

Single Degree of Freedom SystemsSingle Degree of Freedom Systems



Dynamic Degrees of FreedomDynamic Degrees of Freedom

Two Degree of Freedom Systems

Three Degree of Freedom Systems



Discrete and Continuous SystemsDiscrete and Continuous Systems
•• SystemsSystems withwith aa finitefinite numbernumber ofof degreesdegrees ofof freedomfreedom areare calledcalled

discretediscrete oror lumpedlumped parameterparameter systems,systems, andand thosethose withwith anan infiniteinfinite
numbernumber ofof degreesdegrees ofof freedomfreedom areare calledcalled continuouscontinuous oror distributeddistributednumbernumber ofof degreesdegrees ofof freedomfreedom areare calledcalled continuouscontinuous oror distributeddistributed
systemssystems..

•• MostMost ofof thethe time,time, continuouscontinuous systemssystems areare approximatedapproximated asas discretediscrete
systems,systems, andand solutionssolutions areare obtainedobtained inin aa simplersimpler mannermanner.. AlthoughAlthoughsystems,systems, andand solutionssolutions areare obtainedobtained inin aa simplersimpler mannermanner.. AlthoughAlthough
treatmenttreatment ofof aa systemsystem asas continuouscontinuous givesgives exactexact resultsresults..

•• MostMost ofof thethe practicalpractical systemssystems areare studiedstudied byby treatingtreating themthem asas finitefinite
lumpedlumped masses,masses, springs,springs, andand dampersdampers.. InIn general,general, moremore accurateaccuratelumpedlumped masses,masses, springs,springs, andand dampersdampers.. InIn general,general, moremore accurateaccurate
resultsresults areare obtainedobtained byby increasingincreasing thethe numbernumber ofof masses,masses, springs,springs,
andand dampersdampers thatthat is,is, byby increasingincreasing thethe numbernumber ofof degreesdegrees ofof
freedomfreedom..

A cantilever beam (an infinite-number-
of-degrees-of-freedom system).



Definitions and TerminologyDefinitions and Terminology

Simple Harmonic Motion 
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Definitions and TerminologyDefinitions and Terminology
CycleCycle:: TheThe movementmovement ofof aa vibratingvibrating bodybody fromfrom itsits undisturbedundisturbed oror
equilibriumequilibrium positionposition toto itsits extremeextreme positionposition inin oneone direction,direction, thenthen toto
thethe equilibriumequilibrium position,position, thenthen toto itsits extremeextreme positionposition inin thethe otherother
directiondirection andand backback toto equilibriumequilibrium positionposition isis calledcalled aa cyclecycle ofof vibrationvibrationdirection,direction, andand backback toto equilibriumequilibrium positionposition isis calledcalled aa cyclecycle ofof vibrationvibration..
OneOne revolutionrevolution (i(i..ee..,, angularangular displacementdisplacement ofof 22 ππ radians)radians) ofof thethe pointpoint
PP oror oneone revolutionrevolution ofof thethe vectorvector OPOP constitutesconstitutes aa cyclecycle..

AmplitudeAmplitude:: TheThe maximummaximum displacementdisplacement ofof aa vibratingvibrating bodybody fromfrom
itsits equilibriumequilibrium positionposition isis calledcalled thethe amplitudeamplitude ofof vibrationvibration.. InIn FigureFigure
thethe amplitudeamplitude ofof vibrationvibration isis equalequal toto AAthethe amplitudeamplitude ofof vibrationvibration isis equalequal toto AA..

TimeTime periodperiod :: TheThe timetime takentaken toto completecomplete oneone cyclecycle ofof motionmotion isis
kk thth titi i di d i di d ff ill tiill ti dd ii d t dd t d bb TTknownknown asas thethe timetime periodperiod oror periodperiod ofof oscillationoscillation andand isis denoteddenoted byby TT..
ItIt isis equalequal toto thethe timetime requiredrequired forfor thethe vectorvector OPOP toto rotaterotate throughthrough anan
angleangle ofof 22 ππ radiansradians andand hencehence

TT 22 //T=T= 22 ππ //ωω
WhereWhere ωω isis calledcalled thethe circularcircular frequencyfrequency



Definitions and TerminologyDefinitions and Terminology

FrequencyFrequency ofof oscillationoscillation:: TheThe numbernumber ofof cyclescycles perper unitunit timetime isis
calledcalled thethe frequencyfrequency ofof oscillationoscillation oror simplysimply thethe frequencyfrequency andand isisq yq y p yp y q yq y
denoteddenoted byby ff.. ThusThus

ff ==11/T=/T= ωω//22ππ
TheThe variablevariable ωω denotesdenotes thethe angularangular velocityvelocity ofof thethe cycliccyclic motionmotion;; ff isisTheThe variablevariable ωω denotesdenotes thethe angularangular velocityvelocity ofof thethe cycliccyclic motionmotion;; ff isis
measuredmeasured inin cyclescycles perper secondsecond (hertz)(hertz) whilewhile ωω isis measuredmeasured inin radiansradians
perper secondsecond..

Natural frequency. Natural frequency. If a system, after an initial disturbance, is left If a system, after an initial disturbance, is left 
to vibrate on its own, to vibrate on its own, the frequency with which it oscillates without the frequency with which it oscillates without 
external forces is known as itsexternal forces is known as its natural frequencynatural frequencyexternal forces is known as its external forces is known as its natural frequency.natural frequency.
A vibratory system having A vibratory system having n degrees of freedom will have, n degrees of freedom will have, in general, in general, 
n distinct natural frequencies of vibrationn distinct natural frequencies of vibration
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Definitions and TerminologyDefinitions and Terminology
PhasePhase angleangle:: ConsiderConsider twotwo vibratoryvibratory motionsmotions denoteddenoted byby

TheThe twotwo harmonicharmonic motionsmotions areare calledcalled synchronoussynchronous becausebecause theythey havehave
thethe samesame frequencyfrequency oror angularangular velocity,velocity, TwoTwo synchronoussynchronous oscillationsoscillations
needneed notnot havehave thethe samesame amplitude,amplitude, andand theythey needneed notnot attainattain theirtheir
maximummaximum valuesvalues atat thethe samesame timetime.. InIn thisthis figure,figure, thethe secondsecond vectorvector OPOP22
leadsleads thethe firstfirst oneone OPOP11 byby anan angleangle ɸɸ knownknown asas thethe phasephase angleangle.. ThisThis
meansmeans thatthat thethe maximummaximum ofof thethe secondsecond vectorvector wouldwould occuroccur ɸɸ radiansradians
earlierearlier thanthan thatthat ofof thethe firstfirst vectorvector..
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Mass element ,m     - representing the mass and inertial   
characteristic of the structure 

Spring element k representing the elastic restoring forceSpring element ,k     - representing the elastic restoring force 
and potential energy capacity of the  
structure.

D h i h f i i l h i iDashpot, c               - representing the frictional characteristics 
and energy losses of the structure

Excitation force, P(t)  - represents the external force acting on , ( ) p g
structure. 
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Mathematical model Mathematical model -- SDOF SystemSDOF System
InertialInertial ForceForce:: ThisThis forceforce triestries toto retainretain thethe originaloriginal shapeshape oror directiondirection

ofof motionmotion ofof thethe structurestructure..
FFii == massmass  accelerationacceleration

ElasticElastic RestoringRestoring ForceForce:: isis thethe resistingresisting forceforce thatthat triestries toto restrictrestrict thethe
deformationdeformation oror triestries toto regainregain thethe originaloriginal shapeshape..
•• ForFor aa particularparticular deflecteddeflected shape,shape, thisthis actsacts asas potentialpotential energyenergy..
•• ItIt actsacts asas springspring constantconstant inin thethe dynamicdynamic modelmodel..

Fe=Fe= stiffnessstiffness xx displacementdisplacementFeFe stiffnessstiffness xx displacementdisplacement

DampingDamping ForceForce :: DampingDamping isis thethe processprocess byby whichwhich freefree vibrationvibration
steadilysteadily diminishesdiminishes ThisThis isis duedue toto releaserelease ofof energyenergy fromfrom thethesteadilysteadily diminishesdiminishes.. ThisThis isis duedue toto releaserelease ofof energyenergy fromfrom thethe
structure,structure, usuallyusually inin thethe formform ofof heatheat.. ItIt isis producedproduced byby openingopening
andand closingclosing ofof micromicro--cracks,cracks, frictionfriction betweenbetween differentdifferent
componentscomponents andand deformationsdeformations withinwithin thethe inelasticinelastic range,range, etcetc..componentscomponents andand deformationsdeformations withinwithin thethe inelasticinelastic range,range, etcetc..

FdFd== DampingDamping constantconstant xx velocityvelocity
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