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Response Spectrum Method for MDOF System

Multi degree of freedom (MDOF) systems are usually analyzed using Modal Analysis. A
typical MDOF system with “n’ degree of freedom 1s shown in Figure 1 . This system when
subjected to ground motion undergoes deformations m number of possible ways. These
deformed shapes are known as modes of vibration or mode shapes. Each shape 1s vibrating
with a particular natural frequency. Total unique modes for each MDOF system are equal to

the possible degree of freedom of system. The equations of motion for MDOF system i1s

given by . x
[m]ix(@)}; +le]lix()i+ [klix(®); = - [m]ir} X ()
> X2
> X,
< ¥, (1)

MDOF system with ‘n’ degrees-of-freedom.
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[m]{x(@O} +[c]{x®)}+ [k]{x(D} = - [m]{r} 3, (D)

where, [m] = Mass matrix (n = n): [k] = Stiffness matix (n = n): [¢] = Damping matrix (n =
n): {r} = Influence coefficient vector (n=1); {x(¢)}= relative displacement vector: {x(f)}=
relative veloeity vector. {X(f)}= relative acceleration vector. and X_(7)= earthquake ground

acceleration.

The undamped eigen values and eigen vectors of the MDOF system are found form the

characteristic equation -
1 {[?c_—-::::f[m]}d},- = 0 i =123..., 17

det {[Fc] — n:::-f [m]}‘ =0

where,
c; = eigen values of the i mode

. th
(.= eigen vector or mode shape of the 1 mode

- -th
;= natural frequency in the 1~ mode.
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Let the displacement response of the MDOF system 1s expressed as

x(n) = [o] @®);

where {y(f)} represents the modal displacement vector. and [{b] 15 the mode shape matrix

given by
DR
Substituting {x} =[¢]{y} mn equation (4.18) and pre-multiply by [¢] r

(61" []el{F @} + [0 [e]lel{}+ (o] [KI1 @} =[] [m]{r} 5,0
The above equation reduces to

M, {3V} +[C, 1O+ K 1{v(D)} =—[d] ’ [m]{r} x_(2)
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where.

[¢] ! m|[0]=][M,,] = generalized mass matrix

¢' ! E*] ¢] = [C d] = generalized damping matrix

¢ k] 4}] = [K d] = generalized stiffness matrix

By wvirtue of the properties of the [¢], the matrices [Mp] and [K4] are diagonal matrices.
Howewer. for the classically damped system (1e. if the [Cq] 15 also a diagonal matrix). the

equation (1) reduces to the following equation

#,(0) + 250,39, + o}y, () =-T, x,(t) (i = L2.3.....1)

v,(f) = modal displacement response in the i mode.
&, = modal damping ration in the i™ mode. and

I', = modal participation factor for i mode expressed by

r, - 8) )
) I i)




Response Spectrum Method for MDOF System

The maximum displacement response of the structure in the i mode is

: o s

Ximx =0T, S; (§,.0,) G =12 .n)
- . . th .

The maximum acceleration response of the structure in the 1 mode 1s

={¢'_ }rispa(g_'__(,)i) R . —— . 1)

a }f.m

The required response quantity of mterest. 7; 1.¢. (displacement. shear force. bending moment

etc.) of the structure can be obtained in each mode of vibration using the maximum response

obtained in equations . However, the final maximum response. rmax shall be obtained by combining

the response mn each mode of vibration using the modal combinations rules.



Response Spectrum Method for MDOF System
Modal Combination Rules

The commonly used methods for obtaining the peak response quantity of interest for a
MDOF system are as follows:

e Absolute Sum (ABSSUM) Method,
e Square root of sum of squares (SRSS) method. and

e Complete quadratic combination (CQC) method

In ABSSUM method, the peak responses of all the modes are added algebraically,
assuming that all modal peaks occur at same time. The maximum response is given by
Foax = Z ‘I!‘
i=1
In the SRSS method, the maximum response is obtained by square root of sum of square

of response in each mode of vibration and is expressed by
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Velocity Spectra, S_(m/sec)

Response spectra of EI-Centro, 1940 earthquake ground motion.
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Example 2

A three-story building is modeled as 3-DOF system and rigid floors as shown in Figure
Determine the top floor maximum displacement and base shear due to El-Centro, 1940
earthquake ground motion using the response spectrum method. Take the inter-story lateral
stiffness of floors i.e. k; = b= k=16357.5 x 10° N/m and the floor mass m; = m>= 10000 kg
and m3=5000 kg.
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[J‘H] =

m, 0 0
0 m 0 |=
_O 0 m |

10000
0
0

and the stiffhess matrix.

%)=

k+k,  —k,
—k,  k,+k
0 -k

—k, | =

0
10000

0 5000 |

32715
—16357.5
0

0
0

—16357.5
32715
—16357.5

0
~16357.5
16357.5 |

Finding eigen values and eigen vectors using the equation

{[x

det

o [} {6} =

[F{] —o [m]‘ =0



Example 2

T2 -1 0
|

det 1635?.5}:103[—2 2-2x -1 |- =x5000

i_o 1 1-x

_ ®* %5000
16357.5x10°

2-2A -1 0
det| -1 2-2n -1 |=0
0 -1 1-A

(2-20)[(2=-22)(1=2)=1]+[-1+A]=0

(2-20)[2-2A—22+2)% —1|-1+2 =0
2-2A[ 207 —4h+1]+A-1=0

407 —8A+2—-42° +207 20 +2—-1=0
427 +12)2 90 +1=0

A =0.134, A,=1. A,=1.866

Implying that

®, =20.937 rad[sec ®, =57.2rad/sec

= T T
e (8 I

®, = 78.13rad[sec
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o 2. .- .
On SlleTHlH]llg " 1n the characteristic equation,

For Mode 1
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For Mode 2

{‘bz} =40
1

For Mode 3

(2 _2x1.866
-1
0

(0,} =1-1.733

2.0

0 || by,
-1 ‘1322 =0
1- 1_ _¢'31 |
—1
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Modal Participation Factors

2 0 011
[1 1.733 2]><5000 0 2 011
r :{cj}l}T {m}{r} _ ] 0 0 1__ 1
{0} {mo 2.0 1
[1 1.733 Z]XSOOO 0 2 1.733
0 0 |2
[ =0.622
Similarly,




Example 2

I' Mode Response
2n 27

T =""= =0.30 sec
®, 20937

£ =0.02

From the response spectra

S, =0.01902m
Top floor displacement =1, x¢,, xS, =2x0.622x0.01902

=0.0236m

Base shear =fxd, xI xS, =16.357x10° x1x0.622%0.01902

=193 kN
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2" Mode Response
’jl'
T, =" _0.11sec
- 572
£ =0.02

from response spectra

S,, =0.00231m
Top floor displacement =¢,, xI', xS,, =—-1x0.333x0.00231

=-7.69x10*m

Base shear =k x¢,xI, xS, =16357x10° x1x0.333x0.00231 = 12.58kN



Example 2

3" Mode Response
2n
I = = 0.08sec
78.13
2, =0.02

from response spectra

S, =9.77x 10~ m

Top floor displacement = ¢, xI'; xS,

=2x0.045%x9.77x107*m
=8.793x107m
Base shear =kx{x1'; xS,

=16357.5x10° x1x0.045%x9.77x10™*

=0.719 kN



Example 2

Peak responses using the SRSS modal combination rule are given below

Mode Top floor displacement (mm) Base shear (kN)
1 23.6 193
2 -0.769 12.58
3 0.0879 0.719
SRSS 23.6 193.41
Exact Response (from time 234 196.4
history analysis) o |




ASSIGNMENT

A two-story building in Lahore is modeled as 2-DOF system and rigid floors on stiff soil as
shown in the Figure. Determine the top floor maximum displacement and base shear using
UBC-97 response spectra. Take the inter-story stiffness, k =200x 10° N/m and the floor
mass, m = 2500 kg.
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UBC Design Response Spectra
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FIGURE 16-3—DESIGN RESPONSE SPECTRA
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TABLE 16-I—SEISMIC ZONE FACTOR Z

ZONE 1 2A 2B 3 4

Z 0.075 0.15 0.20 0.30 0.40

NOTE: The zone shall be deternuned from the seismic zone map in Figure 16-2.

TABLE 16-J—SOIL PROFILE TYPES

AVERAGE SOIL PROPERTIES FOR TOP 100 FEET (30 430 mm) OF SOIL PROFILE
i Standard Penetration Test, W fi i T
EDILTI::I;I:EFILE S0OIL PHEEI&.E%#HEI"? EMERIC shﬂgﬁuﬁ?ﬁnﬂs . Vg mléinnlzgs ;fliﬁ:j'el:it] llhl!:-nr u_m]':'r Undrainad She'irpaﬁ}t'ength. 5y psf
5y Hard Rock = 5,000
(1.500)
Sp Rock 2.500 to 5,000 o o
(760 to 1,500)
Sc Very Dense Soil and Soft Rock 1,200 to 2,500 =50 = 2,000
(360 to 760) (100}
3o 5uff Soil Profile 600 to 1,200 15 to 50 1,000 to 2,000
(180 to 360) (50 to 100}
Sg?! Soft Soil Profile = 600 <15 = 1,000
(180} (30}
S So1l Requinng Site-specific Evaluation. See Section 16293 1.

150il Profile Type Sg also includes any soil profile with more than 10 feet (3048 mm) of soft clay defined as a soil with a plasticity index, PI= 20, Wi = 40 percent
and 5, = 500 psf (24 kPa). The Plasticity Index, PI and the moisture content, wy,, shall be determined mn accordance with approved national standards.



TABLE 16-Q—SEISMIC COEFFICIENT &

SEISMIC ZONE FACTOR, £

SOIL PROFILE TYPE Z=0.075 Z=045 Z=02 Z=023 Z=0.4
Sy 0.08 0.12 0.16 0.24 0.32N,
ip 0.08 0.13 0.20 0.30 040N
S 0.09 0.18 0.24 033 040N,
Sp 012 0.22 0.22 0.386 044N,
Y 019 0.30 0.34 0.36 036N
Sr See Foommote 1

1Site-specific geotechnical mvestigation and dynamic site response analysis shall be performed to determine seismic coefficients for Soil Profile Type Sg

TABLE 16-R—SEISMIC COEFFICIENT L,

SEISMIC ZONE FACTOR, Z

S50IL PROFILE TYPE Z=0.073 =043 =02 Z=0.3 Z=04
84 0.06 0.12 0.14 024 0.32N,
S 0.08 0.15 0.20 0.30 040N,
Se 0.13 0.25 0.32 0.45 0.56N,
Sp 0.18 0.32 0.40 0.54 0.64N,
Se 0.26 0.50 0.64 0.84 0.96N,
Sr See Foomote 1

1Site-specific geotechnical investigation and dynamic site response analysis shall be performed to determine seismic coefficients for Soil Profile Type S




